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Categories, Curves & Splines

Linear models can do extra-linear things 

Categories (dummy, indicator & index 
variables) 

Polynomials and other simple curves 

Splines and other additive structures



Drawing Inferences
How to use statistical models to get at 
scientific estimands? 

Need to incorporate causal thinking into 
how we  

(1) draw the statistical models 
(2) process the results



Categories
How to cope with causes that are 
not continuous? 

Categories: discrete, unordered 
types 

Want to stratify by category:  
Fit a separate line for each
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Think scientifically first
How are height, weight, and sex causally related? 

How are height, weight, and sex statistically related?

WH

S



The causes aren’t in the data

WH

WH
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WH

S

height 
influences 

weight

sex influences both 
height & weight

weight is 
influenced 

by both 
height & sex



WH

S

H = fH(S)
W = fW(H, S)



height

sex

weight



Think scientifically first

Different causal questions need 
different statistical models 

Q: Causal effect of H on W? 

Q: Causal effect of S on W? 

Q: Direct causal effect of S on W?

WH

S
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Think scientifically first

Different causal questions need 
different statistical models 

Q: Causal effect of H on W? 
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From estimand to estimate

Q: Causal effect of S on W? 

WH

S

WH

S

Q: Direct causal effect of S on W?

Need to model S as categorical



Drawing Categorical Owls
Several ways to code categorical variables 

(1) “dummy” and indicator (0/1) variables 

(2) index variables: 1,2,3,4,… 

We will use index variables:  
 Extend to many categories with no change in code 
 Better for specifying priors 
 Extend effortlessly to multi-level models



Drawing Categorical Owls
Example: 

Category Cyan Magenta Yellow Black

Index Value 1 2 3 4

α = [α1, α2, α3, α4]
Influence of color coded by: 



Drawing Categorical Owls
α = [α1, α2, α3, α4]

<latexit sha1_base64="6b+YaUc+6eVB9zWy9K3MUwA1Qck="></latexit>

yi ⇠ Normal(µi,�)

µi = ↵color[i]



Using Index Variables
<latexit sha1_base64="3aI+PPdupGoPEs+wRIoBEqe7N/I="></latexit>

Wi ⇠ Normal(µi,�)

µi = ↵+ �(Hi � H̄)

intercept



Using Index Variables
<latexit sha1_base64="Kr9Zd2i2CbpWb2ZqLjdNPmVq7iM="></latexit>

Wi ⇠ Normal(µi,�)

µi = ↵S[i] + �S[i](Hi � H̄)

sex of i-th 
person

<latexit sha1_base64="D5HE+t4bgho5P1RV2M9MIt2wujI=">AAACDHicbZDLSsNAFIYn9VbrrerSzWARXEhJSlE3QtGNywr2Ak0oJ9NJO3QyCTMToYQ+gBtfxY0LRdz6AO58GydtFtr6w8DHf85hzvn9mDOlbfvbKqysrq1vFDdLW9s7u3vl/YO2ihJJaItEPJJdHxTlTNCWZprTbiwphD6nHX98k9U7D1QqFol7PYmpF8JQsIAR0MbqlytuCHrkBy7weAT4Cvfm1HfOcqh5psuu2jPhZXByqKBczX75yx1EJAmp0ISDUj3HjrWXgtSMcDotuYmiMZAxDGnPoICQKi+dHTPFJ8YZ4CCS5gmNZ+7viRRCpSahbzqz1dViLTP/q/USHVx6KRNxoqkg84+ChGMd4SwZPGCSEs0nBoBIZnbFZAQSiDb5lUwIzuLJy9CuVZ3zav2uXmlc53EU0RE6RqfIQReogW5RE7UQQY/oGb2iN+vJerHerY95a8HKZw7RH1mfP1Wnmog=</latexit>

↵ = [↵1,↵2]

S = 1 indicates female
S = 2 indicates male

Two intercepts, one 
for each value in S



Using Index Variables
<latexit sha1_base64="Kr9Zd2i2CbpWb2ZqLjdNPmVq7iM="></latexit>

Wi ⇠ Normal(µi,�)

µi = ↵S[i] + �S[i](Hi � H̄)

<latexit sha1_base64="D5HE+t4bgho5P1RV2M9MIt2wujI=">AAACDHicbZDLSsNAFIYn9VbrrerSzWARXEhJSlE3QtGNywr2Ak0oJ9NJO3QyCTMToYQ+gBtfxY0LRdz6AO58GydtFtr6w8DHf85hzvn9mDOlbfvbKqysrq1vFDdLW9s7u3vl/YO2ihJJaItEPJJdHxTlTNCWZprTbiwphD6nHX98k9U7D1QqFol7PYmpF8JQsIAR0MbqlytuCHrkBy7weAT4Cvfm1HfOcqh5psuu2jPhZXByqKBczX75yx1EJAmp0ISDUj3HjrWXgtSMcDotuYmiMZAxDGnPoICQKi+dHTPFJ8YZ4CCS5gmNZ+7viRRCpSahbzqz1dViLTP/q/USHVx6KRNxoqkg84+ChGMd4SwZPGCSEs0nBoBIZnbFZAQSiDb5lUwIzuLJy9CuVZ3zav2uXmlc53EU0RE6RqfIQReogW5RE7UQQY/oGb2iN+vJerHerY95a8HKZw7RH1mfP1Wnmog=</latexit>

↵ = [↵1,↵2]

i = 1

S[1]=2



Using Index Variables
<latexit sha1_base64="Kr9Zd2i2CbpWb2ZqLjdNPmVq7iM="></latexit>

Wi ⇠ Normal(µi,�)

µi = ↵S[i] + �S[i](Hi � H̄)

<latexit sha1_base64="D5HE+t4bgho5P1RV2M9MIt2wujI=">AAACDHicbZDLSsNAFIYn9VbrrerSzWARXEhJSlE3QtGNywr2Ak0oJ9NJO3QyCTMToYQ+gBtfxY0LRdz6AO58GydtFtr6w8DHf85hzvn9mDOlbfvbKqysrq1vFDdLW9s7u3vl/YO2ihJJaItEPJJdHxTlTNCWZprTbiwphD6nHX98k9U7D1QqFol7PYmpF8JQsIAR0MbqlytuCHrkBy7weAT4Cvfm1HfOcqh5psuu2jPhZXByqKBczX75yx1EJAmp0ISDUj3HjrWXgtSMcDotuYmiMZAxDGnPoICQKi+dHTPFJ8YZ4CCS5gmNZ+7viRRCpSahbzqz1dViLTP/q/USHVx6KRNxoqkg84+ChGMd4SwZPGCSEs0nBoBIZnbFZAQSiDb5lUwIzuLJy9CuVZ3zav2uXmlc53EU0RE6RqfIQReogW5RE7UQQY/oGb2iN+vJerHerY95a8HKZw7RH1mfP1Wnmog=</latexit>

↵ = [↵1,↵2]

i = 2

S[2]=1



Using Index Variables
<latexit sha1_base64="Kr9Zd2i2CbpWb2ZqLjdNPmVq7iM="></latexit>

Wi ⇠ Normal(µi,�)

µi = ↵S[i] + �S[i](Hi � H̄)

Priors
<latexit sha1_base64="D5HE+t4bgho5P1RV2M9MIt2wujI=">AAACDHicbZDLSsNAFIYn9VbrrerSzWARXEhJSlE3QtGNywr2Ak0oJ9NJO3QyCTMToYQ+gBtfxY0LRdz6AO58GydtFtr6w8DHf85hzvn9mDOlbfvbKqysrq1vFDdLW9s7u3vl/YO2ihJJaItEPJJdHxTlTNCWZprTbiwphD6nHX98k9U7D1QqFol7PYmpF8JQsIAR0MbqlytuCHrkBy7weAT4Cvfm1HfOcqh5psuu2jPhZXByqKBczX75yx1EJAmp0ISDUj3HjrWXgtSMcDotuYmiMZAxDGnPoICQKi+dHTPFJ8YZ4CCS5gmNZ+7viRRCpSahbzqz1dViLTP/q/USHVx6KRNxoqkg84+ChGMd4SwZPGCSEs0nBoBIZnbFZAQSiDb5lUwIzuLJy9CuVZ3zav2uXmlc53EU0RE6RqfIQReogW5RE7UQQY/oGb2iN+vJerHerY95a8HKZw7RH1mfP1Wnmog=</latexit>

↵ = [↵1,↵2]
<latexit sha1_base64="/sZVtrX4i5R99mJ3ucnCBa22noQ=">AAACC3icbVA9SwNBEN3zM8avqKXNEhUiSLgTUcugjZUoGCPkQpjbbMya3btjd04MR3ob/4qNoCJ24h+w84do7Sax0OiDgcd7M8zMC2IpDLruuzMyOjY+MZmZyk7PzM7N5xYWT02UaMbLLJKRPgvAcClCXkaBkp/FmoMKJK8E7f2eX7nk2ogoPMFOzGsKzkPRFAzQSvVc3gcZt6B+QX0jFPWRX2F6GGkFslvYdjc8d72eW3GLbh/0L/G+yUpp9eP+5XL686iee/MbEUsUD5FJMKbquTHWUtAomOTdrJ8YHgNrwzmvWhqC4qaW9n/p0jWrNGgz0rZCpH3150QKypiOCmynAmyZYa8n/udVE2zu1lIRxgnykA0WNRNJMaK9YGhDaM5QdiwBpoW9lbIWaGBo48vaELzhl/+S082it13cOrZp7JEBMmSZ5EmBeGSHlMgBOSJlwsg1uSUP5NG5ce6cJ+d50DrifM8skV9wXr8A+UieIw==</latexit>

↵j ⇠ Normal(60, 10)



Using Index Variables

<latexit sha1_base64="Kr9Zd2i2CbpWb2ZqLjdNPmVq7iM="></latexit>

Wi ⇠ Normal(µi,�)

µi = ↵S[i] + �S[i](Hi � H̄)

data(Howell1) 
d <- Howell1 
d <- d[ d$age>=18 , ] 
dat <- list( 
    W = d$weight, 
    S = d$male + 1 ) # S=1 female, S=2 male 

m_SW <- quap( 
    alist( 
        W ~ dnorm(mu,sigma), 
        mu <- a[S], 
        a[S] ~ dnorm(60,10), 
        sigma ~ dunif(0,10) 
    ), data=dat )

quap() does the 
indexing for you

<latexit sha1_base64="0HYTVHsdjDhP05qQKR1q0OgOPKM=">AAACCnicbVDLSgMxFM3UV62vUZduokWpIGVGirosunFZwWkLnaFk0rQNTWaG5I5Yhq7d+CtuXCji1i9w59+YPhZavRByOOdc7r0nTATX4DhfVm5hcWl5Jb9aWFvf2Nyyt3fqOk4VZR6NRayaIdFM8Ih5wEGwZqIYkaFgjXBwNdYbd0xpHke3MExYIEkv4l1OCRiqbe/7mvckwUfml9gHdg+ZZwyxkqOSc+I6x2276JSdSeG/wJ2BIppVrW1/+p2YppJFQAXRuuU6CQQZUcCpYKOCn2qWEDogPdYyMCKS6SCbnDLCh4bpYDPevAjwhP3ZkRGp9VCGxikJ9PW8Nib/01opdC+CjEdJCiyi00HdVGCI8TgX3OGKURBDAwhV3OyKaZ8oQsGkVzAhuPMn/wX107J7Vq7cVIrVy1kcebSHDlAJuegcVdE1qiEPUfSAntALerUerWfrzXqfWnPWrGcX/Srr4xt9+5l9</latexit>

� ⇠ Uniform(0, 10)

<latexit sha1_base64="/sZVtrX4i5R99mJ3ucnCBa22noQ=">AAACC3icbVA9SwNBEN3zM8avqKXNEhUiSLgTUcugjZUoGCPkQpjbbMya3btjd04MR3ob/4qNoCJ24h+w84do7Sax0OiDgcd7M8zMC2IpDLruuzMyOjY+MZmZyk7PzM7N5xYWT02UaMbLLJKRPgvAcClCXkaBkp/FmoMKJK8E7f2eX7nk2ogoPMFOzGsKzkPRFAzQSvVc3gcZt6B+QX0jFPWRX2F6GGkFslvYdjc8d72eW3GLbh/0L/G+yUpp9eP+5XL686iee/MbEUsUD5FJMKbquTHWUtAomOTdrJ8YHgNrwzmvWhqC4qaW9n/p0jWrNGgz0rZCpH3150QKypiOCmynAmyZYa8n/udVE2zu1lIRxgnykA0WNRNJMaK9YGhDaM5QdiwBpoW9lbIWaGBo48vaELzhl/+S082it13cOrZp7JEBMmSZ5EmBeGSHlMgBOSJlwsg1uSUP5NG5ce6cJ+d50DrifM8skV9wXr8A+UieIw==</latexit>

↵j ⇠ Normal(60, 10)



Posterior means & predictions

# posterior mean W 
post <- extract.samples(m_SW) 
dens( post$a[,1] , xlim=c(39,50) , lwd=3 , 
col=2 , xlab="posterior mean weight (kg)" ) 
dens( post$a[,2] , lwd=3 , col=4 , add=TRUE ) 

# posterior W distributions 
W1 <- rnorm( 1000 , post$a[,1] , post$sigma ) 
W2 <- rnorm( 1000 , post$a[,2] , post$sigma ) 
dens( W1 , xlim=c(20,70) , ylim=c(0,0.085) , 
lwd=3 , col=2 ) 
dens( W2 , lwd=3 , col=4 , add=TRUE )
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Posterior means & predictions

# posterior mean W 
post <- extract.samples(m_SW) 
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Always Be Contrasting
Need to compute contrast, the 
difference between the categories 

It is never legitimate to compare 
overlap in parameters 

Must compute contrast 
distribution
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It is never legitimate to compare overlap in parameters or lines
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It is never legitimate to compare overlap in parameters or lines

This means no comparing confidence intervals or p-values either!



Causal contrast

# causal contrast (in means) 
mu_contrast <- post$a[,2] - post$a[,1] 

dens( mu_contrast , xlim=c(3,10) , lwd=3 , 
col=1 , xlab="posterior mean weight contrast 
(kg)" )
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Weight contrast
# posterior W distributions 
W1 <- rnorm( 1000 , post$a[,1] , post$sigma ) 
W2 <- rnorm( 1000 , post$a[,2] , post$sigma ) 

# contrast 
W_contrast <- W2 - W1 
dens( W_contrast , xlim=c(-25,35) , lwd=3 , 
col=1 , xlab="posterior weight contrast (kg)" ) 

# proportion above zero 
sum( W_contrast > 0 ) / 1000 
# proportion below zero 
sum( W_contrast < 0 ) / 1000
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From estimand to estimate

Q: Causal effect of S on W? 

WH

S

WH

S

Q: Direct causal effect of S on W?
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Index Variables & Lines
<latexit sha1_base64="3aI+PPdupGoPEs+wRIoBEqe7N/I="></latexit>

Wi ⇠ Normal(µi,�)

µi = ↵+ �(Hi � H̄)

intercept slope



Index Variables & Lines
<latexit sha1_base64="Kr9Zd2i2CbpWb2ZqLjdNPmVq7iM="></latexit>

Wi ⇠ Normal(µi,�)

µi = ↵S[i] + �S[i](Hi � H̄)

sex of i-th 
person

<latexit sha1_base64="8Axo+wlCJQTKla+s7YK0IjXjiYE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwISUpRd0IRTcuK9gHJCFMppN26GQSZiZCCd268VfcuFDErX/gzr9xkmahrQeGOZxzL/feEySMSmVZ30ZlZXVtfaO6Wdva3tndM/cPejJOBSZdHLNYDAIkCaOcdBVVjAwSQVAUMNIPJje5338gQtKY36tpQrwIjTgNKUZKS74J3QipcRC6AVEIXkGnIL59Nv+bnm/WrYZVAC4TuyR1UKLjm1/uMMZpRLjCDEnp2FaivAwJRTEjs5qbSpIgPEEj4mjKUUSklxWXzOCJVoYwjIV+XMFC/d2RoUjKaRToynxvuejl4n+ek6rw0ssoT1JFOJ4PClMGVQzzWOCQCoIVm2qCsKB6V4jHSCCsdHg1HYK9ePIy6TUb9nmjddeqt6/LOKrgCByDU2CDC9AGt6ADugCDR/AMXsGb8WS8GO/Gx7y0YpQ9h+APjM8f3ZGZLA==</latexit>

� = [�1,�2]
<latexit sha1_base64="D5HE+t4bgho5P1RV2M9MIt2wujI=">AAACDHicbZDLSsNAFIYn9VbrrerSzWARXEhJSlE3QtGNywr2Ak0oJ9NJO3QyCTMToYQ+gBtfxY0LRdz6AO58GydtFtr6w8DHf85hzvn9mDOlbfvbKqysrq1vFDdLW9s7u3vl/YO2ihJJaItEPJJdHxTlTNCWZprTbiwphD6nHX98k9U7D1QqFol7PYmpF8JQsIAR0MbqlytuCHrkBy7weAT4Cvfm1HfOcqh5psuu2jPhZXByqKBczX75yx1EJAmp0ISDUj3HjrWXgtSMcDotuYmiMZAxDGnPoICQKi+dHTPFJ8YZ4CCS5gmNZ+7viRRCpSahbzqz1dViLTP/q/USHVx6KRNxoqkg84+ChGMd4SwZPGCSEs0nBoBIZnbFZAQSiDb5lUwIzuLJy9CuVZ3zav2uXmlc53EU0RE6RqfIQReogW5RE7UQQY/oGb2iN+vJerHerY95a8HKZw7RH1mfP1Wnmog=</latexit>

↵ = [↵1,↵2]

S = 1 indicates female
S = 2 indicates male

Two intercepts and two slopes, one for each value in S



Index Variables & Lines
<latexit sha1_base64="Kr9Zd2i2CbpWb2ZqLjdNPmVq7iM="></latexit>

Wi ⇠ Normal(µi,�)

µi = ↵S[i] + �S[i](Hi � H̄)

<latexit sha1_base64="8Axo+wlCJQTKla+s7YK0IjXjiYE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwISUpRd0IRTcuK9gHJCFMppN26GQSZiZCCd268VfcuFDErX/gzr9xkmahrQeGOZxzL/feEySMSmVZ30ZlZXVtfaO6Wdva3tndM/cPejJOBSZdHLNYDAIkCaOcdBVVjAwSQVAUMNIPJje5338gQtKY36tpQrwIjTgNKUZKS74J3QipcRC6AVEIXkGnIL59Nv+bnm/WrYZVAC4TuyR1UKLjm1/uMMZpRLjCDEnp2FaivAwJRTEjs5qbSpIgPEEj4mjKUUSklxWXzOCJVoYwjIV+XMFC/d2RoUjKaRToynxvuejl4n+ek6rw0ssoT1JFOJ4PClMGVQzzWOCQCoIVm2qCsKB6V4jHSCCsdHg1HYK9ePIy6TUb9nmjddeqt6/LOKrgCByDU2CDC9AGt6ADugCDR/AMXsGb8WS8GO/Gx7y0YpQ9h+APjM8f3ZGZLA==</latexit>

� = [�1,�2]
<latexit sha1_base64="D5HE+t4bgho5P1RV2M9MIt2wujI=">AAACDHicbZDLSsNAFIYn9VbrrerSzWARXEhJSlE3QtGNywr2Ak0oJ9NJO3QyCTMToYQ+gBtfxY0LRdz6AO58GydtFtr6w8DHf85hzvn9mDOlbfvbKqysrq1vFDdLW9s7u3vl/YO2ihJJaItEPJJdHxTlTNCWZprTbiwphD6nHX98k9U7D1QqFol7PYmpF8JQsIAR0MbqlytuCHrkBy7weAT4Cvfm1HfOcqh5psuu2jPhZXByqKBczX75yx1EJAmp0ISDUj3HjrWXgtSMcDotuYmiMZAxDGnPoICQKi+dHTPFJ8YZ4CCS5gmNZ+7viRRCpSahbzqz1dViLTP/q/USHVx6KRNxoqkg84+ChGMd4SwZPGCSEs0nBoBIZnbFZAQSiDb5lUwIzuLJy9CuVZ3zav2uXmlc53EU0RE6RqfIQReogW5RE7UQQY/oGb2iN+vJerHerY95a8HKZw7RH1mfP1Wnmog=</latexit>

↵ = [↵1,↵2]

i = 1

S[1]=2



Index Variables & Lines
<latexit sha1_base64="Kr9Zd2i2CbpWb2ZqLjdNPmVq7iM="></latexit>

Wi ⇠ Normal(µi,�)

µi = ↵S[i] + �S[i](Hi � H̄)

<latexit sha1_base64="8Axo+wlCJQTKla+s7YK0IjXjiYE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwISUpRd0IRTcuK9gHJCFMppN26GQSZiZCCd268VfcuFDErX/gzr9xkmahrQeGOZxzL/feEySMSmVZ30ZlZXVtfaO6Wdva3tndM/cPejJOBSZdHLNYDAIkCaOcdBVVjAwSQVAUMNIPJje5338gQtKY36tpQrwIjTgNKUZKS74J3QipcRC6AVEIXkGnIL59Nv+bnm/WrYZVAC4TuyR1UKLjm1/uMMZpRLjCDEnp2FaivAwJRTEjs5qbSpIgPEEj4mjKUUSklxWXzOCJVoYwjIV+XMFC/d2RoUjKaRToynxvuejl4n+ek6rw0ssoT1JFOJ4PClMGVQzzWOCQCoIVm2qCsKB6V4jHSCCsdHg1HYK9ePIy6TUb9nmjddeqt6/LOKrgCByDU2CDC9AGt6ADugCDR/AMXsGb8WS8GO/Gx7y0YpQ9h+APjM8f3ZGZLA==</latexit>

� = [�1,�2]
<latexit sha1_base64="D5HE+t4bgho5P1RV2M9MIt2wujI=">AAACDHicbZDLSsNAFIYn9VbrrerSzWARXEhJSlE3QtGNywr2Ak0oJ9NJO3QyCTMToYQ+gBtfxY0LRdz6AO58GydtFtr6w8DHf85hzvn9mDOlbfvbKqysrq1vFDdLW9s7u3vl/YO2ihJJaItEPJJdHxTlTNCWZprTbiwphD6nHX98k9U7D1QqFol7PYmpF8JQsIAR0MbqlytuCHrkBy7weAT4Cvfm1HfOcqh5psuu2jPhZXByqKBczX75yx1EJAmp0ISDUj3HjrWXgtSMcDotuYmiMZAxDGnPoICQKi+dHTPFJ8YZ4CCS5gmNZ+7viRRCpSahbzqz1dViLTP/q/USHVx6KRNxoqkg84+ChGMd4SwZPGCSEs0nBoBIZnbFZAQSiDb5lUwIzuLJy9CuVZ3zav2uXmlc53EU0RE6RqfIQReogW5RE7UQQY/oGb2iN+vJerHerY95a8HKZw7RH1mfP1Wnmog=</latexit>

↵ = [↵1,↵2]

i = 2

S[2]=1



Index Variables & Lines

<latexit sha1_base64="Kr9Zd2i2CbpWb2ZqLjdNPmVq7iM="></latexit>

Wi ⇠ Normal(µi,�)

µi = ↵S[i] + �S[i](Hi � H̄)

data(Howell1) 
d <- Howell1 
d <- d[ d$age>=18 , ] 
dat <- list( 
    W = d$weight, 
    H = d$height, 
    Hbar = mean(d$height), 
    S = d$male + 1 ) # S=1 female, S=2 male 

m_SHW <- quap( 
    alist( 
        W ~ dnorm(mu,sigma), 
        mu <- a[S] + b[S]*(H-Hbar), 
        a[S] ~ dnorm(60,10), 
        b[S] ~ dlnorm(0,1), 
        sigma ~ dunif(0,10) 
    ), data=dat )

<latexit sha1_base64="0HYTVHsdjDhP05qQKR1q0OgOPKM=">AAACCnicbVDLSgMxFM3UV62vUZduokWpIGVGirosunFZwWkLnaFk0rQNTWaG5I5Yhq7d+CtuXCji1i9w59+YPhZavRByOOdc7r0nTATX4DhfVm5hcWl5Jb9aWFvf2Nyyt3fqOk4VZR6NRayaIdFM8Ih5wEGwZqIYkaFgjXBwNdYbd0xpHke3MExYIEkv4l1OCRiqbe/7mvckwUfml9gHdg+ZZwyxkqOSc+I6x2276JSdSeG/wJ2BIppVrW1/+p2YppJFQAXRuuU6CQQZUcCpYKOCn2qWEDogPdYyMCKS6SCbnDLCh4bpYDPevAjwhP3ZkRGp9VCGxikJ9PW8Nib/01opdC+CjEdJCiyi00HdVGCI8TgX3OGKURBDAwhV3OyKaZ8oQsGkVzAhuPMn/wX107J7Vq7cVIrVy1kcebSHDlAJuegcVdE1qiEPUfSAntALerUerWfrzXqfWnPWrGcX/Srr4xt9+5l9</latexit>

� ⇠ Uniform(0, 10)

<latexit sha1_base64="/sZVtrX4i5R99mJ3ucnCBa22noQ=">AAACC3icbVA9SwNBEN3zM8avqKXNEhUiSLgTUcugjZUoGCPkQpjbbMya3btjd04MR3ob/4qNoCJ24h+w84do7Sax0OiDgcd7M8zMC2IpDLruuzMyOjY+MZmZyk7PzM7N5xYWT02UaMbLLJKRPgvAcClCXkaBkp/FmoMKJK8E7f2eX7nk2ogoPMFOzGsKzkPRFAzQSvVc3gcZt6B+QX0jFPWRX2F6GGkFslvYdjc8d72eW3GLbh/0L/G+yUpp9eP+5XL686iee/MbEUsUD5FJMKbquTHWUtAomOTdrJ8YHgNrwzmvWhqC4qaW9n/p0jWrNGgz0rZCpH3150QKypiOCmynAmyZYa8n/udVE2zu1lIRxgnykA0WNRNJMaK9YGhDaM5QdiwBpoW9lbIWaGBo48vaELzhl/+S082it13cOrZp7JEBMmSZ5EmBeGSHlMgBOSJlwsg1uSUP5NG5ce6cJ+d50DrifM8skV9wXr8A+UieIw==</latexit>

↵j ⇠ Normal(60, 10)
<latexit sha1_base64="f/ApnFPaP6Mf02buZe9LC6/8TD4=">AAACC3icbVA9SwNBEN3z2/gVtbRZooKChDsRtRRtLEQiGBVyIextJnF19/bYnRPDkd7Gv2IjqIid+Afs/CFau0ks/How8Hhvhpl5USKFRd9/8/r6BwaHhkdGc2PjE5NT+emZI6tTw6HMtdTmJGIWpIihjAIlnCQGmIokHEfnOx3/+AKMFTo+xFYCVcWasWgIztBJtXwhjABZ7YyGVigaIlxitqeb+9ooJttL/kqwXMvP+0W/C/qXBF9kfmvh/e75YuyjVMu/hnXNUwUxcsmsrQR+gtWMGRRcQjsXphYSxs9ZEyqOxkyBrWbdX9p00Sl12tDGVYy0q36fyJiytqUi16kYntrfXkf8z6uk2NisZiJOUoSY9xY1UklR004wtC4McJQtRxg3wt1K+SkzjKOLL+dCCH6//JccrRaD9eLagUtjm/QwQuZIgSyRgGyQLbJLSqRMOLkiN+SePHjX3q336D31Wvu8r5lZ8gPeyyd1+Z51</latexit>

�j ⇠ LogNormal(0, 1)



Contrasts at each height
(1) Compute posterior predictive 
for women 

(2) Compute posterior predictive 
for men 

(3) Subtract (2) from (1) 

(4) Plot distribution at each height 
(on right)

140 150 160 170 180

30
35

40
45

50
55

60

height (cm)

w
ei

gh
t (

kg
)



Contrasts at each height
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xseq <- seq(from=130,to=190,len=50) 

muF <- 
link(m_adults2,data=list(S=rep(1,50),H=xseq,Hbar=mean(d$height))) 
lines( xseq , apply(muF,2,mean) , lwd=3 , col=2 ) 

muM <- 
link(m_adults2,data=list(S=rep(2,50),H=xseq,Hbar=mean(d$height))) 
lines( xseq , apply(muM,2,mean) , lwd=3 , col=4 ) 

mu_contrast <- muF - muM 
plot( NULL , xlim=range(xseq) , ylim=c(-6,8) , xlab="height (cm)" 
, ylab="weight contrast (F–M)" ) 
for ( p in c(0.5,0.6,0.7,0.8,0.9,0.99) ) 
    shade( apply(mu_contrast,2,PI,prob=p) , xseq ) 
abline(h=0,lty=2)

women heavier

men heavier

Nearly all of the causal effect of S acts through H 



From estimand to estimate

Q: Causal effect of S on W? 

WH

S

WH

S

Q: Direct causal effect of S on W?
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Full Luxury Bayes
We used two models for two 
estimands 

But alternative and equivalent 
approach is to use one model of 
entire causal system 

Then use joint posterior to 
compute each estimand

WH

S



Full Luxury Bayes
m_SHW_full <- quap( 
    alist( 

        # weight 
        W ~ dnorm(mu,sigma), 
        mu <- a[S] + b[S]*(H-Hbar), 
        a[S] ~ dnorm(60,10), 
        b[S] ~ dlnorm(0,1), 
        sigma ~ dunif(0,10), 

        # height 
        H ~ dnorm(nu,tau), 
        nu <- h[S], 
        h[S] ~ dnorm(160,10), 
        tau ~ dunif(0,10) 
         
    ), data=dat )

WH

S



Full Luxury Bayes
m_SHW_full <- quap( 
    alist( 

        # weight 
        W ~ dnorm(mu,sigma), 
        mu <- a[S] + b[S]*(H-Hbar), 
        a[S] ~ dnorm(60,10), 
        b[S] ~ dlnorm(0,1), 
        sigma ~ dunif(0,10), 

        # height 
        H ~ dnorm(nu,tau), 
        nu <- h[S], 
        h[S] ~ dnorm(160,10), 
        tau ~ dunif(0,10) 
         
    ), data=dat )

W

HS

H
S

WH

S



Full Luxury Bayes
m_SHW_full <- quap( 
    alist( 

        # weight 
        W ~ dnorm(mu,sigma), 
        mu <- a[S] + b[S]*(H-Hbar), 
        a[S] ~ dnorm(60,10), 
        b[S] ~ dlnorm(0,1), 
        sigma ~ dunif(0,10), 

        # height 
        H ~ dnorm(nu,tau), 
        nu <- h[S], 
        h[S] ~ dnorm(160,10), 
        tau ~ dunif(0,10) 
         
    ), data=dat )

Causal effect is consequence 
of intervention 

Now simulate each 
intervention



Simulating Interventions
post <- extract.samples(m_SHW_full) 
Hbar <- dat$Hbar 
n <- 1e4 

with( post , { 
# simulate W for S=1 
H_S1 <- rnorm(n, h[,1] , tau ) 
W_S1 <- rnorm(n, a[,1] +  
  b[,1]*(H_S1-Hbar) , sigma) 

# simulate W for S=2 
H_S2 <- rnorm(n, h[,2] , tau) 
W_S2 <- rnorm(n, a[,2] +  
  b[,2]*(H_S2-Hbar) , sigma) 

# compute contrast 
W_do_S <<- W_S2 - W_S1 
})

Total causal effect of S on W: 
Consequence of changing S at birth
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Simulating Interventions
post <- extract.samples(m_SHW_full) 
Hbar <- dat$Hbar 
n <- 1e4 

with( post , { 
# simulate W for S=1 
H_S1 <- rnorm(n, h[,1] , tau ) 
W_S1 <- rnorm(n, a[,1] +  
  b[,1]*(H_S1-Hbar) , sigma) 

# simulate W for S=2 
H_S2 <- rnorm(n, h[,2] , tau) 
W_S2 <- rnorm(n, a[,2] +  
  b[,2]*(H_S2-Hbar) , sigma) 

# compute contrast 
W_do_S <<- W_S2 - W_S1 
})

Total causal effect of S on W: 
Consequence of changing S at birth
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# automated way 
HWsim <- sim(m_SHW_full, 
             data=list(S=c(1,2)), 
             vars=c("H","W")) 
W_do_S_auto <- HWsim$W[,2] - HWsim$W[,1]



Inference With Linear Models
With more than two variables, scientific (causal) 
model and statistical model not always same 

(1) State each estimand 
(2) Design unique statistical model for each 
(3) Compute each estimand 

Or 

(1) State each estimand 
(2) Compute joint posterior for causal system  
(3) Simulate each estimand as an intervention

ONE STAT MODEL 
FOR EACH ESTIMAND

ONE SIMULATION 
FOR EACH ESTIMAND



Categorical variables
Easy to use with index coding 

Must later use samples to compute 
relevant contrasts 

Always summarize (mean, interval) 
as the last step 

Want mean difference and not 
difference of means
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PAUSE



Curves from lines

H –> W obviously not linear  

Linear models can easily fit 
curves 

But this is not mechanistic

library(rethinking) 
data(Howell1)
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Curves from lines
Linear models can easily fit 
curves 

Two popular strategies 

(1) polynomials — be wary 

(2) splines and generalized 
additive models — better

library(rethinking) 
data(Howell1)
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Polynomial linear models
Strategy: polynomial functions 

Problems: strange symmetries, 
explosive uncertainty at edges

μi = α + β1xi + β2x2
i
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μi = α + β1Hi + β2H2
i

μi = α + β1Hi + β2H2
i

= + b3H3 + b4H4
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h

r

V = πr2h

'ĶĴłĿĲ ƉƎ�Ɖ� ćF i7JUSVWJBO $BOw NPEFM PG
IVNBO XFJHIU BT B GVODUJPO PG IFJHIU� *G 7JU�
SVWJBO.BOXFSF B DZMJOEFS XF DPVME FTUJNBUF
IJT XFJHIU CZ DBMDVMBUJOH IJT WPMVNF 7 BT B
GVODUJPO PG IJT IFJHIU I BOE SBEJVT S�

Q PG IFJHIU� ćJT NFBOT S = QI� 4VCTUJUVUJOH UIJT JOUP UIF GPSNVMB�

7 = π(QI)�I = πQ�I�

'JOBMMZ XFJHIU JT TPNF QSPQPSUJPO PG WPMVNF�IPX NBOZ LJMPHSBNT BSF UIFSF QFS DVCJD DFO�
UJNFUFS 4P XF OFFE B QBSBNFUFS L UP FYQSFTT UIJT USBOTMBUJPO CFUXFFO WPMVNF BOE XFJHIU�

8 = L7 = LπQ�I�

"OE UIJT JT PVS GPSNVMB GPS FYQFDUFE XFJHIU HJWFO BO JOEJWJEVBM�T IFJHIU I� ćJT JT OPU PC�
WJPVTMZ BO PSEJOBSZ HFOFSBMJ[FE MJOFBS NPEFM� #VU UIBU�T PLBZ� *U IBT B DBVTBM TUSVDUVSF JU
NBLFT QSFEJDUJPOT BOE XF DBO ĕU JU UP EBUB�

3FUIJOLJOH� 4QIFSJDBM DPXT� 6TFGVM NBUIFNBUJDBM NPEFMJOH UZQJDBMMZ JOWPMWFT SJEJDVMPVT BTTVNQ�
UJPOT� 'PS FYBNQMF UIF BTTVNQUJPO BCPWF UIBU QFPQMF BSF TIBQFE MJLF DZMJOEFST� ćJT UZQF PG BT�
TVNQUJPO DBO CF DBMMFE B ŀĽĵĲĿĶİĮĹ İļń BęFS UIF CPPL $POTJEFS B 4QIFSJDBM $PX� " $PVSTF JO
&OWJSPONFOUBM 1SPCMFN 4PMWJOH���� 4USBUFHJD TJNQMJGZJOH BTTVNQUJPOT BSF GFBUVSFT PG BMM VTFGVM NPE�
FMT� #Z ĕSTU VOEFSTUBOEJOH UIF TJNQMJĕFE NPEFM JU JT FBTJFS UP MBUFS BEE JO SFMFWBOU EFUBJM XIFSF UIF
ĘBXT JO UIF TJNQMFS NPEFM IFMQ VT EFDJEF XIJDI EFUBJMT BSF SFMFWBOU� /PO�NBUIFNBUJDBM NPEFMT BSF
BMTP TJNQMJĕDBUJPOT CVU VTVBMMZ UIF TJNQMJĕDBUJPOT BSF OPU FYQMJDJU� ćJT NBLFT JU IBSEFS UP JEFOUJGZ
UIFJS ĘBXT���� "OE TPNFUJNFT TJNQMF NPEFMT QFSGPSNXFMM CFDBVTF UIFZ BSF TJNQMF JO UIF SJHIU XBZT�

������� ćF TUBUJTUJDBM NPEFM� 8F DBO VTF UIF DZMJOEFS GPSNVMB JO B TUBUJTUJDBM NPEFM� 5P EP
TP IPXFWFS XF OFFE UP NBLF TPNF NPSF DIPJDFT� )FSF�T UIF NPEFM PVUMJOF� *�MM FYQMBJO FBDI
QJFDF BęFSXBSET�

8J ∼ -PH�/PSNBM(µJ,σ) [Distribution for weight]

FYQ(µJ) = LπQ�I�
J [expected median of weight]

L ∼ TPNF QSJPS [prior relation between weight and volume]

Q ∼ TPNF QSJPS [prior proportionality of radius to height]

σ ∼ &YQPOFOUJBM(�) [our old friend, sigma]

'SPN UIF UPQ UIF ĕSTU UIJOH UP EFDJEF JT UIF EJTUSJCVUJPO GPS UIF PCTFSWFE PVUDPNF WBSJBCMF
XFJHIU 8J� ćJT WBSJBCMF JT QPTJUJWF�XFJHIU DBO�U CF OFHBUJWF�BOE DPOUJOVPVT� 4P *�WF DIP�
TFO B -PH�/PSNBM EJTUSJCVUJPO� ćF -PH�/PSNBM EJTUSJCVUJPO JT QBSBNFUFSJ[FE CZ UIF NFBO
PG UIF MPHBSJUIN XIJDI JT DBMMFE µJ� ćF NFEJBO PG UIF -PH�/PSNBM JT FYQ(µJ)� *O UIF NPEFM

Thinking vs Fitting
Linear models can fit anything 
(Geocentrism) 

Better to think
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log Wi ∼ Normal(μi, σ)
μi = α + β(Hi − H̄)

Will revisit in lecture 19



Splines
Basis-Splines: Wiggly function 
built from many local 
functions 

Basis function: A local 
function 

Local functions make splines 
better than polynomials, but 
equally geocentric









Going Local — B-Splines
B-Splines are just linear models, but with some weird 
synthetic variables: 

Weights w are like slopes 

Basis functions B are synthetic variables 

B values turn on weights in different regions 

Detailed example starting on page 114

��� �� (&0$&/53*$ .0%&-4

)FSF�T B MPOHFS FYQMBOBUJPO XJUI WJTVBM FYBNQMFT� 0VS HPBM JT UP BQQSPYJNBUF UIF UFN�
QFSBUVSF USFOE XJUI B XJHHMZ GVODUJPO� 8JUI #�TQMJOFT KVTU MJLF XJUI QPMZOPNJBM SFHSFTTJPO
XF EP UIJT CZ HFOFSBUJOH OFX QSFEJDUPS WBSJBCMFT BOE VTJOH UIPTF JO UIF MJOFBS NPEFM µJ� 6O�
MJLF QPMZOPNJBM SFHSFTTJPO #�TQMJOFT EP OPU EJSFDUMZ USBOTGPSN UIF QSFEJDUPS CZ TRVBSJOH PS
DVCJOH JU� *OTUFBE UIFZ JOWFOU B TFSJFT PG FOUJSFMZ OFX TZOUIFUJD QSFEJDUPS WBSJBCMFT� &BDI
PG UIFTF WBSJBCMFT TFSWFT UP HSBEVBMMZ UVSO B TQFDJĕD QBSBNFUFS PO BOE PČ XJUIJO B TQFDJĕD
SBOHF PG UIF QSFEJDUPS WBSJBCMFT� &BDI PG UIFTF WBSJBCMFT JT DBMMFE B įĮŀĶŀ ĳłĻİŁĶļĻ� ćF
MJOFBS NPEFM FOET VQ MPPLJOH WFSZ GBNJMJBS�

µJ = α+ X�#J,� + X�#J,� + X�#J,� + ...

XIFSF #J,O JT UIF O�UI CBTJT GVODUJPO�T WBMVF PO SPX J BOE UIF X QBSBNFUFST BSF DPSSFTQPOE�
JOH XFJHIUT GPS FBDI� ćF QBSBNFUFST BDU MJLF TMPQFT BEKVTUJOH UIF JOĘVFODF PG FBDI CBTJT
GVODUJPO PO UIF NFBO µJ� 4P SFBMMZ UIJT JT KVTU BOPUIFS MJOFBS SFHSFTTJPO CVU XJUI TPNF GBODZ
TZOUIFUJD QSFEJDUPS WBSJBCMFT� ćFTF TZOUIFUJD WBSJBCMFT EP TPNF SFBMMZ FMFHBOU EFTDSJQUJWF�
HFPDFOUSJD�XPSL GPS VT�

)PX EP XF DPOTUSVDU UIFTF CBTJT WBSJBCMFT # * EJTQMBZ UIF TJNQMFTU DBTF JO 'ĶĴłĿĲ ƌ�ƉƊ
JO XIJDI * BQQSPYJNBUF UIF UFNQFSBUVSF EBUB XJUI GPVS EJČFSFOU MJOFBS BQQSPYJNBUJPOT� 'JSTU
* EJWJEF UIF GVMM SBOHF PG UIF IPSJ[POUBM BYJT JOUP GPVS QBSUT VTJOH QJWPU QPJOUT DBMMFE ĸĻļŁŀ�
ćF LOPUT BSF TIPXO CZ UIF + TZNCPMT JO UIF UPQ QMPU� ćFO ĕWF EJČFSFOU CBTJT GVODUJPOT
PVS # WBSJBCMFT BSF VTFE UP HFOUMZ USBOTJUJPO GSPN POF QBSU UP UIF OFYU� &TTFOUJBMMZ UIFTF
WBSJBCMFT UFMM ZPV XIJDI LOPU ZPV BSF DMPTF UP� #FHJOOJOH PO UIF MFę PG UIF UPQ QMPU CBTJT
GVODUJPO � IBT WBMVF � BOE BMM PG UIF PUIFST BSF TFU UP [FSP� "T XF NPWF SJHIUXBSET UPXBSET
UIF TFDPOE LOPU CBTJT � EFDMJOFT BOE CBTJT � JODSFBTFT� "U LOPU � CBTJT � IBT WBMVF � BOE BMM
PG UIF PUIFST BSF TFU UP [FSP�

ćFOJDF GFBUVSF PG UIFTF CBTJT GVODUJPOT JT UIBU UIFZNBLF UIF UIF JOĘVFODF PG FBDI QBSBN�
FUFS RVJUF MPDBM� "U BOZ QPJOU PO UIF IPSJ[POUBM BYJT JO 'ĶĴłĿĲ ƌ�ƉƊ POMZ UXP CBTJT GVODUJPOT
IBWF OPO�[FSP WBMVFT� 'PS FYBNQMF UIF EBTIFE CMVF MJOF JO UIF UPQ QMPU TIPXT UIF ZFBS �����
#BTJT GVODUJPOT � BOE � BSF OPO�[FSP GPS UIBU ZFBS� 4P UIF QBSBNFUFST GPS CBTJT GVODUJPOT �
BOE � BSF UIF POMZ QBSBNFUFST JOĘVFODJOH QSFEJDUJPO GPS UIF ZFBS ����� ćJT JT RVJUF VOMJLF
QPMZOPNJBM SFHSFTTJPO XIFSF QBSBNFUFST JOĘVFODF UIF FOUJSF TIBQF PG UIF DVSWF�

*O UIF NJEEMF QMPU JO 'ĶĴłĿĲ ƌ�ƉƊ * TIPX FBDI CBTJT GVODUJPO NVMUJQMJFE CZ JUT DPSSF�
TQPOEJOH XFJHIU QBSBNFUFS� * HPU UIFTF XFJHIUT CZ ĕUUJOH UIF NPEFM UP UIF EBUB� *�MM TIPX
ZPV IPX UP EP UIBU JO B NPNFOU� #VU GPDVT PO UIF ĕHVSF GPS OPX� 8FJHIU QBSBNFUFST DBO
CF QPTJUJWF PS OFHBUJWF� 4P GPS FYBNQMF CBTJT GVODUJPOT � BOE � FOE VQ CFMPX UIF [FSP MJOF�
ćFZ IBWF OFHBUJWF XFJHIUT� 5P DPOTUSVDU B QSFEJDUJPO GPS BOZ HJWFO ZFBS TBZ GPS FYBNQMF
���� BHBJO XF KVTU BEE VQ UIFTF XFJHIUFE CBTJT GVODUJPOT BU UIBU ZFBS� *O UIF ZFBS ���� POMZ
CBTJT GVODUJPOT � BOE � JOĘVFODF QSFEJDUJPO�

'JOBMMZ JO UIF CPUUPNQMPU PG 'ĶĴłĿĲ ƌ�ƉƊ * EJTQMBZ UIF TQMJOF BT B ���QPTUFSJPS JOUFSWBM
GPS µ PWFS UIF SBX UFNQFSBUVSF EBUB� ćJT JTO�U ZFU B WFSZ HPPE BQQSPYJNBUJPO� ćFSF BSF
UXP UIJOHT XF DBO EP UP JNQSPWF JU� 'JSTU XF DBO VTF NPSF LOPUT� ćF NPSF LOPUT UIF
NPSF ĘFYJCMF UIF TQMJOF� 4FDPOE JOTUFBE PG MJOFBS BQQSPYJNBUJPOT XF DBO VTF IJHIFS EFHSFF
QPMZOPNJBMT�

-FU�T CVJME VQ UIF DPEF UIBU XJMM MFU ZPV SFQSPEVDF UIF QMPUT JO 'ĶĴłĿĲ ƌ�ƉƊ CVU BMTP MFU
ZPV DIBOHF UIF LOPUT BOE EFHSFF UP BOZUIJOH ZPV MJLF� 'JSTU XF DIPPTF UIF LOPUT� 3FNFN�
CFS UIF LOPUT BSF KVTU WBMVFT PG 4 �- UIBU TFSWF BT QJWPUT GPS PVS TQMJOF� 8IFSF TIPVME UIF
LOPUT HP ćFSF BSF EJČFSFOU XBZT UP BOTXFS UIJT RVFTUJPO��� :PV DBO JO QSJODJQMF QVU UIF
LOPUT XIFSFWFS ZPV MJLF� ćFJS MPDBUJPOT BSF QBSU PG UIF NPEFM BOE ZPV BSF SFTQPOTJCMF GPS



Spline
Basis2

Basis1 Basis3

Basis4

w = [1,–1,1,–1]



w = [–1,–1,1,–1]



w = [–1,1,1,–1]



w = [–1,1,–1,–1]



Height as a function of age

Obviously not linear 

Fit spline as example 

But biological model 
would do a lot better
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Weighted basis functions

Spline



Curves and Splines
Can build very non-linear functions from linear pieces 

Polynomials and splines are powerful geocentric devices 

Adding scientific information always helps 

e.g. Weight only increases with height 
e.g. Height only increases with age, then levels off (or declines) 

Ideally statistical model has some form as scientific model
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Course Schedule
Week 1 Bayesian inference Chapters 1, 2, 3
Week 2 Linear models & Causal Inference Chapter 4
Week 3 Causes, Confounds & Colliders Chapters 5 & 6
Week 4 Overfitting / Interactions Chapters 7 & 8
Week 5 MCMC & Generalized Linear Models Chapters 9, 10, 11
Week 6 Integers & Other Monsters Chapters 11 & 12
Week 7 Multilevel models I Chapter 13
Week 8 Multilevel models II Chapter 14
Week 9 Measurement & Missingness Chapter 15
Week 10 Generalized Linear Madness Chapter 16

https://github.com/rmcelreath/statrethinking_2022




