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What 
proportion of 
the surface is 
covered with 
water? 



How should we use the sample? 

How to produce a summary? 

How to represent uncertainty?



Bayesian data analysis

For each possible explanation of the data, 

Count all the ways data can happen. 

Explanations with more ways to produce 
the data are more plausible.
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How many ways to observe          ?
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First Observation
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Third Observation
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3 Ways to see

if the bag contains
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Counts to plausibility
Unglamorous basis of applied probability: 
Things that can happen more ways are more plausible.
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ćF BCPWF KVTU NFBOT UIBU GPS BOZ WBMVF Q DBO UBLF XF KVEHF UIF QMBVTJCJMJUZ PG UIBU WBMVF Q
BT QSPQPSUJPOBM UP UIF OVNCFS PG XBZT JU DBO HFU UISPVHI UIF HBSEFO PG GPSLJOH EBUB� ćJT
FYQSFTTJPO KVTU TVNNBSJ[FT UIF DBMDVMBUJPOT ZPV EJE JO UIF UBCMFT PG UIF QSFWJPVT TFDUJPO�

'JOBMMZ XF DPOTUSVDU QSPCBCJMJUJFT CZ TUBOEBSEJ[JOH UIF QMBVTJCJMJUZ TP UIBU UIF TVN PG
UIF QMBVTJCJMJUJFT GPS BMM QPTTJCMF DPOKFDUVSFT XJMM CF POF� "MM ZPV OFFE UP EP JO PSEFS UP TUBO�
EBSEJ[F JT UP BEE VQ BMM PG UIF QSPEVDUT POF GPS FBDI WBMVF Q DBO UBLF�

XBZT Q DBO QSPEVDF %OFX × QSJPS QMBVTJCJMJUZ Q

"OE UIFO EJWJEF FBDI QSPEVDU CZ UIF TVN PG QSPEVDUT�

QMBVTJCJMJUZ PG Q BęFS %OFX =
XBZT Q DBO QSPEVDF %OFX × QSJPS QMBVTJCJMJUZ Q

TVN PG QSPEVDUT
ćFSF�T OPUIJOH TQFDJBM SFBMMZ BCPVU TUBOEBSEJ[JOH UP POF� "OZ WBMVF XJMM EP� #VU VTJOH UIF
OVNCFS � FOET VQ NBLJOH UIF NBUIFNBUJDT NPSF DPOWFOJFOU�

$POTJEFS BHBJO UIF UBCMF GSPN CFGPSF OPX VQEBUFE VTJOH PVS EFĕOJUJPOT PG Q BOE iQMBV�
TJCJMJUZw�
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UIFO UIF OVNCFS PG MPHJDBMMZ QPTTJCMF XBZT GPS B DPOKFDUVSF UP QSPEVDF BMM UIF EBUB VQ UP UIBU
QPJOU DBO CF DPNQVUFE KVTU CZ NVMUJQMZJOH UIF OFX DPVOU CZ UIF PME DPVOU�

ćJT VQEBUJOH BQQSPBDI BNPVOUT UP OPUIJOH NPSF UIBO BTTFSUJOH UIBU 	�
 XIFO XF IBWF
QSFWJPVT JOGPSNBUJPO TVHHFTUJOH UIFSF BSF 8QSJPS XBZT GPS B DPOKFDUVSF UP QSPEVDF B QSFWJPVT
PCTFSWBUJPO %QSJPS BOE 	�
 XF BDRVJSF OFX PCTFSWBUJPOT %OFX UIBU UIF TBNF DPOKFDUVSF DBO
QSPEVDF JO 8OFX XBZT UIFO 	�
 UIF OVNCFS PG XBZT UIF DPOKFDUVSF DBO BDDPVOU GPS CPUI
%QSJPS BT XFMM BT %OFX JT KVTU UIF QSPEVDU 8QSJPS × 8OFX� 'PS FYBNQMF JO UIF UBCMF BCPWF UIF
DPOKFDUVSF < > IBT 8QSJPS = � XBZT UP QSPEVDF %QSJPS = � *U BMTP IBT 8OFX = �
XBZT UP QSPEVDF UIF OFX PCTFSWBUJPO %OFX = � 4P UIFSF BSF � × � = �� XBZT GPS UIF
DPOKFDUVSF UP QSPEVDF CPUI %QSJPS BOE %OFX� 8IZ NVMUJQMZ .VMUJQMJDBUJPO JT KVTU B TIPSUDVU
UP FOVNFSBUJOH BOE DPVOUJOH VQ BMM PG UIF QBUIT UISPVHI UIF HBSEFO UIBU DPVME QSPEVDF BMM
UIF PCTFSWBUJPOT�

4



Bayesian updating

The rules: 

1. State a causal model for how the observations arise, given 
each possible explanation 

2. Count ways data could arise for each explanation 

3. Relative plausibility is relative value from (2)



Globe of Forking Water

For each possible proportion of water, 

Count number of ways data could happen. 

Must state how observations are generated



Toss The First



posterior

prior

observation



“density”: 
relative plausibility of 
proportion of water



Toss The Second



× =

Toss The Second
relative 

plausibility 
of L

relative 
plausibility 

of W

relative 
plausibility 

of LW



plot( 0:10 * 10:0 )
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× ×
plot( 10:0 * 0:10 * 10:0 )

Toss The Third



Toss The Ten





(1) No minimum sample size



(2) Shape embodies sample size



(3) No point estimate

mean
mode The distribution 

is the estimate
Always use the 

entire distribution



(4) No one true interval
Intervals 
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of posterior
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(4) No one true interval
Intervals 
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of posterior
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(4) No one true interval
Intervals 

communicate shape 
of posterior

89%
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(4) No one true interval
Intervals 

communicate shape 
of posterior

95% is obvious 
superstition. Nothing 
magical happens at 
the boundary.

99%



Letters From My Reviewers
“The author uses these cute 
89% intervals, but we need 
to see the 95% intervals so 
we can tell whether any of 
the effects are robust.”

That an arbitrary interval contains an arbitrary 
value is not meaningful. Use the whole distribution.



PAUSE





The Formalities

In practice, we write the model in a way that 
communicates all of the probability assumptions. 

The observations (data) and explanations 
(parameters) are variables 

For each variable, must say how it is generated



The Formalities
Data: W and L, the number of water and land observations 

Parameters: p, the proportion of water on the globe

���� $0.10/&/54 0' 5)& .0%&- ��

ćF PUIFS WBSJBCMFT BSF UIF PCTFSWFE WBSJBCMFT UIF DPVOUT PG XBUFS BOE MBOE� $BMM UIF
DPVOU PG XBUFS 8 BOE UIF DPVOU PG MBOE -� ćF TVN PG UIFTF UXP WBSJBCMFT JT UIF OVNCFS PG
HMPCF UPTTFT� / = 8 + -�

������ %FĕOJUJPOT� 0ODF XF IBWF UIF WBSJBCMFT MJTUFE XF UIFO IBWF UP EFĕOF FBDI PG UIFN�
*O EFĕOJOH FBDI XF CVJME B NPEFM UIBU SFMBUFT UIF WBSJBCMFT UP POF BOPUIFS� 3FNFNCFS UIF
HPBM JT UP DPVOU BMM UIF XBZT UIF EBUB DPVME BSJTF HJWFO UIF BTTVNQUJPOT� ćJT NFBOT BT JO
UIF HMPCF UPTTJOH NPEFM UIBU GPS FBDI QPTTJCMF WBMVF PG UIF VOPCTFSWFE WBSJBCMFT TVDI BT
Q XF OFFE UP EFĕOF UIF SFMBUJWF OVNCFS PG XBZT�UIF QSPCBCJMJUZ�UIBU UIF WBMVFT PG FBDI
PCTFSWFE WBSJBCMF DPVME BSJTF� "OE UIFO GPS FBDI VOPCTFSWFE WBSJBCMF XF OFFE UP EFĕOF UIF
QSJPS QMBVTJCJMJUZ PG FBDI WBMVF JU DPVME UBLF� * BQQSFDJBUF UIBU UIJT JT BMM B CJU BCTUSBDU� 4P IFSF
BSF UIF TQFDJĕDT GPS UIF HMPCF�

�������� 0CTFSWFE WBSJBCMFT� 'PS UIF DPVOU PG XBUFS 8 BOE MBOE - XF EFĕOF IPX QMBV�
TJCMF BOZ DPNCJOBUJPO PG 8 BOE - XPVME CF GPS B TQFDJĕD WBMVF PG Q� ćJT JT WFSZ NVDI MJLF
UIF NBSCMF DPVOUJOH XF EJE FBSMJFS JO UIF DIBQUFS� &BDI TQFDJĕD WBMVF PG Q DPSSFTQPOET UP B
TQFDJĕD QMBVTJCJMJUZ PG UIF EBUB BT JO 'ĶĴłĿĲ Ɗ�ƍ�

4P UIBU XF EPO�U IBWF UP MJUFSBMMZ DPVOU XF DBO VTF B NBUIFNBUJDBM GVODUJPO UIBU UFMMT
VT UIF SJHIU QMBVTJCJMJUZ� *O DPOWFOUJPOBM TUBUJTUJDT B EJTUSJCVUJPO GVODUJPO BTTJHOFE UP BO
PCTFSWFE WBSJBCMF JT VTVBMMZ DBMMFE B ĹĶĸĲĹĶĵļļı� ćBU UFSN IBT TQFDJBM NFBOJOH JO OPO�
#BZFTJBO TUBUJTUJDT IPXFWFS��� 8F XJMM CF BCMF UP EP UIJOHT XJUI PVS EJTUSJCVUJPOT UIBU OPO�
#BZFTJBO NPEFMT GPSCJE� 4P * XJMM TPNFUJNFT BWPJE UIF UFSN MJLFMJIPPE BOE KVTU UBML BCPVU
EJTUSJCVUJPOT PG WBSJBCMFT� #VU XIFO TPNFPOF TBZT iMJLFMJIPPEw UIFZ XJMM VTVBMMZ NFBO B
EJTUSJCVUJPO GVODUJPO BTTJHOFE UP BO PCTFSWFE WBSJBCMF�

*O UIF DBTF PG UIF HMPCF UPTTJOHNPEFM UIF GVODUJPO XF OFFE DBO CF EFSJWFE EJSFDUMZ GSPN
UIF EBUB TUPSZ� #FHJO CZ OPNJOBUJOH BMM PG UIF QPTTJCMF FWFOUT� ćFSF BSF UXP� XBUFS 	8
 BOE
MBOE 	-
� ćFSF BSF OP PUIFS FWFOUT� ćF HMPCF OFWFS HFUT TUVDL UP UIF DFJMJOH GPS FYBNQMF�
8IFO XF PCTFSWF B TBNQMF PG 8�T BOE -�T PG MFOHUI / 	OJOF JO UIF BDUVBM TBNQMF
 XF OFFE
UP TBZ IPX MJLFMZ UIBU FYBDU TBNQMF JT PVU PG UIF VOJWFSTF PG QPUFOUJBM TBNQMFT PG UIF TBNF
MFOHUI� ćBU NJHIU TPVOE DIBMMFOHJOH CVU JU�T UIF LJOE PG UIJOH ZPV HFU HPPE BU WFSZ RVJDLMZ
PODF ZPV TUBSU QSBDUJDJOH�

*O UIJT DBTF PODF XF BEE PVS BTTVNQUJPOT UIBU 	�
 FWFSZ UPTT JT JOEFQFOEFOU PG UIF PUIFS
UPTTFT BOE 	�
 UIF QSPCBCJMJUZ PG 8 JT UIF TBNF PO FWFSZ UPTT QSPCBCJMJUZ UIFPSZ QSPWJEFT
B VOJRVF BOTXFS LOPXO BT UIF CJOPNJBM EJTUSJCVUJPO� ćJT JT UIF DPNNPO iDPJO UPTTJOHw
EJTUSJCVUJPO� "OE TP UIF QSPCBCJMJUZ PG PCTFSWJOH 8 XBUFST BOE - MBOET XJUI B QSPCBCJMJUZ Q
PG XBUFS PO FBDI UPTT JT�

1S(8, -|Q) = (8 + -)!
8!-! Q8(�− Q)-

3FBE UIF BCPWF BT�
ćF DPVOUT PG iXBUFSw 8 BOE iMBOE� - BSF EJTUSJCVUFE CJOPNJBMMZ XJUI QSPC�
BCJMJUZ Q PG iXBUFSw PO FBDI UPTT�

"OE UIF CJOPNJBM EJTUSJCVUJPO GPSNVMB JT CVJMU JOUP 3 TP ZPV DBO FBTJMZ DPNQVUF UIF MJLFMJ�
IPPE PG UIF EBUB�TJY 8�T JO OJOF UPTTFT�VOEFS BOZ WBMVF PG Q XJUI�

3 DPEF
���dbinom( 6 , size=9 , prob=0.5 )

[1] 0.1640625

���� $0.10/&/54 0' 5)& .0%&- ��

4P XIFSF EP QSJPST DPNF GSPN ćFZ BSF CPUI FOHJOFFSJOH BTTVNQUJPOT DIPTFO UP IFMQ
UIF NBDIJOF MFBSO BOE TDJFOUJĕD BTTVNQUJPOT DIPTFO UP SFĘFDU XIBU XF LOPX BCPVU B QIF�
OPNFOPO� ćF ĘBU QSJPS JO 'ĶĴłĿĲ Ɗ�ƍ JT WFSZ DPNNPO CVU JU JT IBSEMZ FWFS UIF CFTU QSJPS�
-BUFS DIBQUFST XJMM GPDVT PO QSJPS DIPJDF B MPU NPSF�

ćFSF JT B TDIPPM PG #BZFTJBO JOGFSFODF UIBU FNQIBTJ[FT DIPPTJOH QSJPST CBTFE VQPO UIF
QFSTPOBM CFMJFGT PG UIF BOBMZTU��� 8IJMF UIJT ŀłįķĲİŁĶŃĲ#ĮņĲŀĶĮĻ BQQSPBDI UISJWFT JO TPNF
TUBUJTUJDT BOE QIJMPTPQIZ BOE FDPOPNJDT QSPHSBNT JU JT SBSF JO UIF TDJFODFT� 8JUIJO #BZFTJBO
EBUB BOBMZTJT JO UIF OBUVSBM BOE TPDJBM TDJFODFT UIF QSJPS JT DPOTJEFSFE UP CF KVTU QBSU PG
UIF NPEFM� "T TVDI JU TIPVME CF DIPTFO FWBMVBUFE BOE SFWJTFE KVTU MJLF BMM PG UIF PUIFS
DPNQPOFOUT PG UIF NPEFM� *O QSBDUJDF UIF TVCKFDUJWJTU BOE UIF OPO�TVCKFDUJWJTU XJMM PęFO
BOBMZ[F EBUB JO OFBSMZ UIF TBNF XBZ�

/POF PG UIJT TIPVME CF VOEFSTUPPE UP NFBO UIBU BOZ TUBUJTUJDBM BOBMZTJT JT OPU JOIFSFOUMZ
TVCKFDUJWF CFDBVTF PG DPVSTF JU JT�MPUT PG MJUUMF TVCKFDUJWF EFDJTJPOT BSF JOWPMWFE JO BMM QBSUT
PG TDJFODF� *U�T KVTU UIBU QSJPST BOE #BZFTJBO EBUB BOBMZTJT BSF OP NPSF JOIFSFOUMZ TVCKFDUJWF
UIBO BSF MJLFMJIPPET BOE UIF SFQFBU TBNQMJOH BTTVNQUJPOT SFRVJSFE GPS TJHOJĕDBODF UFTUJOH���
"OZPOF XIP IBT WJTJUFE B TUBUJTUJDT IFMQ EFTL BU B VOJWFSTJUZ IBT QSPCBCMZ FYQFSJFODFE UIJT
TVCKFDUJWJUZ�TUBUJTUJDJBOT EP OPU JO HFOFSBM FYBDUMZ BHSFF PO IPX UP BOBMZ[F BOZUIJOH CVU UIF
TJNQMFTU PG QSPCMFNT� ćF GBDU UIBU TUBUJTUJDBM JOGFSFODF VTFTNBUIFNBUJDT EPFT OPU JNQMZ UIBU
UIFSF JT POMZ POF SFBTPOBCMF PS VTFGVM XBZ UP DPOEVDU BO BOBMZTJT� &OHJOFFSJOH VTFT NBUI BT
XFMM CVU UIFSF BSF NBOZ XBZT UP CVJME B CSJEHF�

#FZPOE BMM PG UIF BCPWF UIFSF�T OP MBX NBOEBUJOH XF VTF POMZ POF QSJPS� *G ZPV EPO�U
IBWF B TUSPOH BSHVNFOU GPS BOZ QBSUJDVMBS QSJPS UIFO USZ EJČFSFOU POFT� #FDBVTF UIF QSJPS JT
BO BTTVNQUJPO JU TIPVME CF JOUFSSPHBUFE MJLF PUIFS BTTVNQUJPOT� CZ BMUFSJOH JU BOE DIFDLJOH
IPX TFOTJUJWF JOGFSFODF JT UP UIF BTTVNQUJPO� /P POF JT SFRVJSFE UP TXFBS BO PBUI UP UIF
BTTVNQUJPOT PG B NPEFM BOE OP TFU PG BTTVNQUJPOT EFTFSWFT PVS PCFEJFODF�

0WFSUIJOLJOH� 1SJPS BT QSPCBCJMJUZ EJTUSJCVUJPO� :PV DPVME XSJUF UIF QSJPS JO UIF FYBNQMF IFSF BT�

1S(Q) = �
�− � = �.

ćFQSJPS JT B QSPCBCJMJUZ EJTUSJCVUJPO GPS UIF QBSBNFUFS� *O HFOFSBM GPS B VOJGPSNQSJPS GSPN B UP C UIF
QSPCBCJMJUZ PG BOZ QPJOU JO UIF JOUFSWBM JT �/(C− B)� *G ZPV�SF CPUIFSFE CZ UIF GBDU UIBU UIF QSPCBCJMJUZ
PG FWFSZ WBMVF PG Q JT � SFNFNCFS UIBU FWFSZ QSPCBCJMJUZ EJTUSJCVUJPO NVTU TVN 	JOUFHSBUF
 UP �� ćF
FYQSFTTJPO �/(C− B) FOTVSFT UIBU UIF BSFB VOEFS UIF ĘBU MJOF GSPN B UP C JT FRVBM UP �� ćFSF XJMM CF
NPSF UP TBZ BCPVU UIJT JO $IBQUFS ��

3FUIJOLJOH� %BUVN PS QBSBNFUFS *U JT UZQJDBM UP DPODFJWF PG EBUB BOE QBSBNFUFST BT DPNQMFUFMZ
EJČFSFOU LJOET PG FOUJUJFT� %BUB BSF NFBTVSFE BOE LOPXO� QBSBNFUFST BSF VOLOPXO BOE NVTU CF
FTUJNBUFE GSPN EBUB� 6TFGVMMZ JO UIF #BZFTJBO GSBNFXPSL UIF EJTUJODUJPO CFUXFFO B EBUVN BOE B
QBSBNFUFS JT OPU TP GVOEBNFOUBM� 4PNFUJNFT XF PCTFSWF B WBSJBCMF CVU TPNFUJNFT XF EP OPU� *O UIBU
DBTF UIF TBNF EJTUSJCVUJPO GVODUJPO BQQMJFT FWFO UIPVHI XF EJEO�U PCTFSWF UIF WBSJBCMF� "T B SFTVMU
UIF TBNF BTTVNQUJPO DBO MPPL MJLF B iMJLFMJIPPEw PS B iQSJPSw EFQFOEJOH VQPO DPOUFYU XJUIPVU BOZ
DIBOHF UP UIF NPEFM� .VDI MBUFS JO UIF CPPL 	$IBQUFS ��
 ZPV�MM TFF IPX UP FYQMPJU UIJT EFFQ JEFOUJUZ
CFUXFFO DFSUBJOUZ 	EBUB
 BOEVODFSUBJOUZ 	QBSBNFUFST
 UP JODPSQPSBUFNFBTVSFNFOU FSSPS BOENJTTJOH
EBUB JOUP ZPVS NPEFMJOH�

Binomial probability function 

dbinom( W , W+L , p )

The number of ways to 
realize W,L given p



The Formalities
Data: W and L, the number of water and land observations 

Parameters: p, the proportion of water on the globe
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4P XIFSF EP QSJPST DPNF GSPN ćFZ BSF CPUI FOHJOFFSJOH BTTVNQUJPOT DIPTFO UP IFMQ
UIF NBDIJOF MFBSO BOE TDJFOUJĕD BTTVNQUJPOT DIPTFO UP SFĘFDU XIBU XF LOPX BCPVU B QIF�
OPNFOPO� ćF ĘBU QSJPS JO 'ĶĴłĿĲ Ɗ�ƍ JT WFSZ DPNNPO CVU JU JT IBSEMZ FWFS UIF CFTU QSJPS�
-BUFS DIBQUFST XJMM GPDVT PO QSJPS DIPJDF B MPU NPSF�

ćFSF JT B TDIPPM PG #BZFTJBO JOGFSFODF UIBU FNQIBTJ[FT DIPPTJOH QSJPST CBTFE VQPO UIF
QFSTPOBM CFMJFGT PG UIF BOBMZTU��� 8IJMF UIJT ŀłįķĲİŁĶŃĲ#ĮņĲŀĶĮĻ BQQSPBDI UISJWFT JO TPNF
TUBUJTUJDT BOE QIJMPTPQIZ BOE FDPOPNJDT QSPHSBNT JU JT SBSF JO UIF TDJFODFT� 8JUIJO #BZFTJBO
EBUB BOBMZTJT JO UIF OBUVSBM BOE TPDJBM TDJFODFT UIF QSJPS JT DPOTJEFSFE UP CF KVTU QBSU PG
UIF NPEFM� "T TVDI JU TIPVME CF DIPTFO FWBMVBUFE BOE SFWJTFE KVTU MJLF BMM PG UIF PUIFS
DPNQPOFOUT PG UIF NPEFM� *O QSBDUJDF UIF TVCKFDUJWJTU BOE UIF OPO�TVCKFDUJWJTU XJMM PęFO
BOBMZ[F EBUB JO OFBSMZ UIF TBNF XBZ�

/POF PG UIJT TIPVME CF VOEFSTUPPE UP NFBO UIBU BOZ TUBUJTUJDBM BOBMZTJT JT OPU JOIFSFOUMZ
TVCKFDUJWF CFDBVTF PG DPVSTF JU JT�MPUT PG MJUUMF TVCKFDUJWF EFDJTJPOT BSF JOWPMWFE JO BMM QBSUT
PG TDJFODF� *U�T KVTU UIBU QSJPST BOE #BZFTJBO EBUB BOBMZTJT BSF OP NPSF JOIFSFOUMZ TVCKFDUJWF
UIBO BSF MJLFMJIPPET BOE UIF SFQFBU TBNQMJOH BTTVNQUJPOT SFRVJSFE GPS TJHOJĕDBODF UFTUJOH���
"OZPOF XIP IBT WJTJUFE B TUBUJTUJDT IFMQ EFTL BU B VOJWFSTJUZ IBT QSPCBCMZ FYQFSJFODFE UIJT
TVCKFDUJWJUZ�TUBUJTUJDJBOT EP OPU JO HFOFSBM FYBDUMZ BHSFF PO IPX UP BOBMZ[F BOZUIJOH CVU UIF
TJNQMFTU PG QSPCMFNT� ćF GBDU UIBU TUBUJTUJDBM JOGFSFODF VTFTNBUIFNBUJDT EPFT OPU JNQMZ UIBU
UIFSF JT POMZ POF SFBTPOBCMF PS VTFGVM XBZ UP DPOEVDU BO BOBMZTJT� &OHJOFFSJOH VTFT NBUI BT
XFMM CVU UIFSF BSF NBOZ XBZT UP CVJME B CSJEHF�

#FZPOE BMM PG UIF BCPWF UIFSF�T OP MBX NBOEBUJOH XF VTF POMZ POF QSJPS� *G ZPV EPO�U
IBWF B TUSPOH BSHVNFOU GPS BOZ QBSUJDVMBS QSJPS UIFO USZ EJČFSFOU POFT� #FDBVTF UIF QSJPS JT
BO BTTVNQUJPO JU TIPVME CF JOUFSSPHBUFE MJLF PUIFS BTTVNQUJPOT� CZ BMUFSJOH JU BOE DIFDLJOH
IPX TFOTJUJWF JOGFSFODF JT UP UIF BTTVNQUJPO� /P POF JT SFRVJSFE UP TXFBS BO PBUI UP UIF
BTTVNQUJPOT PG B NPEFM BOE OP TFU PG BTTVNQUJPOT EFTFSWFT PVS PCFEJFODF�

0WFSUIJOLJOH� 1SJPS BT QSPCBCJMJUZ EJTUSJCVUJPO� :PV DPVME XSJUF UIF QSJPS JO UIF FYBNQMF IFSF BT�

1S(Q) = �
�− � = �.

ćFQSJPS JT B QSPCBCJMJUZ EJTUSJCVUJPO GPS UIF QBSBNFUFS� *O HFOFSBM GPS B VOJGPSNQSJPS GSPN B UP C UIF
QSPCBCJMJUZ PG BOZ QPJOU JO UIF JOUFSWBM JT �/(C− B)� *G ZPV�SF CPUIFSFE CZ UIF GBDU UIBU UIF QSPCBCJMJUZ
PG FWFSZ WBMVF PG Q JT � SFNFNCFS UIBU FWFSZ QSPCBCJMJUZ EJTUSJCVUJPO NVTU TVN 	JOUFHSBUF
 UP �� ćF
FYQSFTTJPO �/(C− B) FOTVSFT UIBU UIF BSFB VOEFS UIF ĘBU MJOF GSPN B UP C JT FRVBM UP �� ćFSF XJMM CF
NPSF UP TBZ BCPVU UIJT JO $IBQUFS ��

3FUIJOLJOH� %BUVN PS QBSBNFUFS *U JT UZQJDBM UP DPODFJWF PG EBUB BOE QBSBNFUFST BT DPNQMFUFMZ
EJČFSFOU LJOET PG FOUJUJFT� %BUB BSF NFBTVSFE BOE LOPXO� QBSBNFUFST BSF VOLOPXO BOE NVTU CF
FTUJNBUFE GSPN EBUB� 6TFGVMMZ JO UIF #BZFTJBO GSBNFXPSL UIF EJTUJODUJPO CFUXFFO B EBUVN BOE B
QBSBNFUFS JT OPU TP GVOEBNFOUBM� 4PNFUJNFT XF PCTFSWF B WBSJBCMF CVU TPNFUJNFT XF EP OPU� *O UIBU
DBTF UIF TBNF EJTUSJCVUJPO GVODUJPO BQQMJFT FWFO UIPVHI XF EJEO�U PCTFSWF UIF WBSJBCMF� "T B SFTVMU
UIF TBNF BTTVNQUJPO DBO MPPL MJLF B iMJLFMJIPPEw PS B iQSJPSw EFQFOEJOH VQPO DPOUFYU XJUIPVU BOZ
DIBOHF UP UIF NPEFM� .VDI MBUFS JO UIF CPPL 	$IBQUFS ��
 ZPV�MM TFF IPX UP FYQMPJU UIJT EFFQ JEFOUJUZ
CFUXFFO DFSUBJOUZ 	EBUB
 BOEVODFSUBJOUZ 	QBSBNFUFST
 UP JODPSQPSBUFNFBTVSFNFOU FSSPS BOENJTTJOH
EBUB JOUP ZPVS NPEFMJOH�

���� $0.10/&/54 0' 5)& .0%&- ��

ćF PUIFS WBSJBCMFT BSF UIF PCTFSWFE WBSJBCMFT UIF DPVOUT PG XBUFS BOE MBOE� $BMM UIF
DPVOU PG XBUFS 8 BOE UIF DPVOU PG MBOE -� ćF TVN PG UIFTF UXP WBSJBCMFT JT UIF OVNCFS PG
HMPCF UPTTFT� / = 8 + -�

������ %FĕOJUJPOT� 0ODF XF IBWF UIF WBSJBCMFT MJTUFE XF UIFO IBWF UP EFĕOF FBDI PG UIFN�
*O EFĕOJOH FBDI XF CVJME B NPEFM UIBU SFMBUFT UIF WBSJBCMFT UP POF BOPUIFS� 3FNFNCFS UIF
HPBM JT UP DPVOU BMM UIF XBZT UIF EBUB DPVME BSJTF HJWFO UIF BTTVNQUJPOT� ćJT NFBOT BT JO
UIF HMPCF UPTTJOH NPEFM UIBU GPS FBDI QPTTJCMF WBMVF PG UIF VOPCTFSWFE WBSJBCMFT TVDI BT
Q XF OFFE UP EFĕOF UIF SFMBUJWF OVNCFS PG XBZT�UIF QSPCBCJMJUZ�UIBU UIF WBMVFT PG FBDI
PCTFSWFE WBSJBCMF DPVME BSJTF� "OE UIFO GPS FBDI VOPCTFSWFE WBSJBCMF XF OFFE UP EFĕOF UIF
QSJPS QMBVTJCJMJUZ PG FBDI WBMVF JU DPVME UBLF� * BQQSFDJBUF UIBU UIJT JT BMM B CJU BCTUSBDU� 4P IFSF
BSF UIF TQFDJĕDT GPS UIF HMPCF�

�������� 0CTFSWFE WBSJBCMFT� 'PS UIF DPVOU PG XBUFS 8 BOE MBOE - XF EFĕOF IPX QMBV�
TJCMF BOZ DPNCJOBUJPO PG 8 BOE - XPVME CF GPS B TQFDJĕD WBMVF PG Q� ćJT JT WFSZ NVDI MJLF
UIF NBSCMF DPVOUJOH XF EJE FBSMJFS JO UIF DIBQUFS� &BDI TQFDJĕD WBMVF PG Q DPSSFTQPOET UP B
TQFDJĕD QMBVTJCJMJUZ PG UIF EBUB BT JO 'ĶĴłĿĲ Ɗ�ƍ�

4P UIBU XF EPO�U IBWF UP MJUFSBMMZ DPVOU XF DBO VTF B NBUIFNBUJDBM GVODUJPO UIBU UFMMT
VT UIF SJHIU QMBVTJCJMJUZ� *O DPOWFOUJPOBM TUBUJTUJDT B EJTUSJCVUJPO GVODUJPO BTTJHOFE UP BO
PCTFSWFE WBSJBCMF JT VTVBMMZ DBMMFE B ĹĶĸĲĹĶĵļļı� ćBU UFSN IBT TQFDJBM NFBOJOH JO OPO�
#BZFTJBO TUBUJTUJDT IPXFWFS��� 8F XJMM CF BCMF UP EP UIJOHT XJUI PVS EJTUSJCVUJPOT UIBU OPO�
#BZFTJBO NPEFMT GPSCJE� 4P * XJMM TPNFUJNFT BWPJE UIF UFSN MJLFMJIPPE BOE KVTU UBML BCPVU
EJTUSJCVUJPOT PG WBSJBCMFT� #VU XIFO TPNFPOF TBZT iMJLFMJIPPEw UIFZ XJMM VTVBMMZ NFBO B
EJTUSJCVUJPO GVODUJPO BTTJHOFE UP BO PCTFSWFE WBSJBCMF�

*O UIF DBTF PG UIF HMPCF UPTTJOHNPEFM UIF GVODUJPO XF OFFE DBO CF EFSJWFE EJSFDUMZ GSPN
UIF EBUB TUPSZ� #FHJO CZ OPNJOBUJOH BMM PG UIF QPTTJCMF FWFOUT� ćFSF BSF UXP� XBUFS 	8
 BOE
MBOE 	-
� ćFSF BSF OP PUIFS FWFOUT� ćF HMPCF OFWFS HFUT TUVDL UP UIF DFJMJOH GPS FYBNQMF�
8IFO XF PCTFSWF B TBNQMF PG 8�T BOE -�T PG MFOHUI / 	OJOF JO UIF BDUVBM TBNQMF
 XF OFFE
UP TBZ IPX MJLFMZ UIBU FYBDU TBNQMF JT PVU PG UIF VOJWFSTF PG QPUFOUJBM TBNQMFT PG UIF TBNF
MFOHUI� ćBU NJHIU TPVOE DIBMMFOHJOH CVU JU�T UIF LJOE PG UIJOH ZPV HFU HPPE BU WFSZ RVJDLMZ
PODF ZPV TUBSU QSBDUJDJOH�

*O UIJT DBTF PODF XF BEE PVS BTTVNQUJPOT UIBU 	�
 FWFSZ UPTT JT JOEFQFOEFOU PG UIF PUIFS
UPTTFT BOE 	�
 UIF QSPCBCJMJUZ PG 8 JT UIF TBNF PO FWFSZ UPTT QSPCBCJMJUZ UIFPSZ QSPWJEFT
B VOJRVF BOTXFS LOPXO BT UIF CJOPNJBM EJTUSJCVUJPO� ćJT JT UIF DPNNPO iDPJO UPTTJOHw
EJTUSJCVUJPO� "OE TP UIF QSPCBCJMJUZ PG PCTFSWJOH 8 XBUFST BOE - MBOET XJUI B QSPCBCJMJUZ Q
PG XBUFS PO FBDI UPTT JT�

1S(8, -|Q) = (8 + -)!
8!-! Q8(�− Q)-

3FBE UIF BCPWF BT�
ćF DPVOUT PG iXBUFSw 8 BOE iMBOE� - BSF EJTUSJCVUFE CJOPNJBMMZ XJUI QSPC�
BCJMJUZ Q PG iXBUFSw PO FBDI UPTT�

"OE UIF CJOPNJBM EJTUSJCVUJPO GPSNVMB JT CVJMU JOUP 3 TP ZPV DBO FBTJMZ DPNQVUF UIF MJLFMJ�
IPPE PG UIF EBUB�TJY 8�T JO OJOF UPTTFT�VOEFS BOZ WBMVF PG Q XJUI�

3 DPEF
���dbinom( 6 , size=9 , prob=0.5 )

[1] 0.1640625

The number of ways to 
realize W,L given p

Relative plausibility of 
each possible p



The Formalities
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ćF PUIFS WBSJBCMFT BSF UIF PCTFSWFE WBSJBCMFT UIF DPVOUT PG XBUFS BOE MBOE� $BMM UIF
DPVOU PG XBUFS 8 BOE UIF DPVOU PG MBOE -� ćF TVN PG UIFTF UXP WBSJBCMFT JT UIF OVNCFS PG
HMPCF UPTTFT� / = 8 + -�

������ %FĕOJUJPOT� 0ODF XF IBWF UIF WBSJBCMFT MJTUFE XF UIFO IBWF UP EFĕOF FBDI PG UIFN�
*O EFĕOJOH FBDI XF CVJME B NPEFM UIBU SFMBUFT UIF WBSJBCMFT UP POF BOPUIFS� 3FNFNCFS UIF
HPBM JT UP DPVOU BMM UIF XBZT UIF EBUB DPVME BSJTF HJWFO UIF BTTVNQUJPOT� ćJT NFBOT BT JO
UIF HMPCF UPTTJOH NPEFM UIBU GPS FBDI QPTTJCMF WBMVF PG UIF VOPCTFSWFE WBSJBCMFT TVDI BT
Q XF OFFE UP EFĕOF UIF SFMBUJWF OVNCFS PG XBZT�UIF QSPCBCJMJUZ�UIBU UIF WBMVFT PG FBDI
PCTFSWFE WBSJBCMF DPVME BSJTF� "OE UIFO GPS FBDI VOPCTFSWFE WBSJBCMF XF OFFE UP EFĕOF UIF
QSJPS QMBVTJCJMJUZ PG FBDI WBMVF JU DPVME UBLF� * BQQSFDJBUF UIBU UIJT JT BMM B CJU BCTUSBDU� 4P IFSF
BSF UIF TQFDJĕDT GPS UIF HMPCF�

�������� 0CTFSWFE WBSJBCMFT� 'PS UIF DPVOU PG XBUFS 8 BOE MBOE - XF EFĕOF IPX QMBV�
TJCMF BOZ DPNCJOBUJPO PG 8 BOE - XPVME CF GPS B TQFDJĕD WBMVF PG Q� ćJT JT WFSZ NVDI MJLF
UIF NBSCMF DPVOUJOH XF EJE FBSMJFS JO UIF DIBQUFS� &BDI TQFDJĕD WBMVF PG Q DPSSFTQPOET UP B
TQFDJĕD QMBVTJCJMJUZ PG UIF EBUB BT JO 'ĶĴłĿĲ Ɗ�ƍ�

4P UIBU XF EPO�U IBWF UP MJUFSBMMZ DPVOU XF DBO VTF B NBUIFNBUJDBM GVODUJPO UIBU UFMMT
VT UIF SJHIU QMBVTJCJMJUZ� *O DPOWFOUJPOBM TUBUJTUJDT B EJTUSJCVUJPO GVODUJPO BTTJHOFE UP BO
PCTFSWFE WBSJBCMF JT VTVBMMZ DBMMFE B ĹĶĸĲĹĶĵļļı� ćBU UFSN IBT TQFDJBM NFBOJOH JO OPO�
#BZFTJBO TUBUJTUJDT IPXFWFS��� 8F XJMM CF BCMF UP EP UIJOHT XJUI PVS EJTUSJCVUJPOT UIBU OPO�
#BZFTJBO NPEFMT GPSCJE� 4P * XJMM TPNFUJNFT BWPJE UIF UFSN MJLFMJIPPE BOE KVTU UBML BCPVU
EJTUSJCVUJPOT PG WBSJBCMFT� #VU XIFO TPNFPOF TBZT iMJLFMJIPPEw UIFZ XJMM VTVBMMZ NFBO B
EJTUSJCVUJPO GVODUJPO BTTJHOFE UP BO PCTFSWFE WBSJBCMF�

*O UIF DBTF PG UIF HMPCF UPTTJOHNPEFM UIF GVODUJPO XF OFFE DBO CF EFSJWFE EJSFDUMZ GSPN
UIF EBUB TUPSZ� #FHJO CZ OPNJOBUJOH BMM PG UIF QPTTJCMF FWFOUT� ćFSF BSF UXP� XBUFS 	8
 BOE
MBOE 	-
� ćFSF BSF OP PUIFS FWFOUT� ćF HMPCF OFWFS HFUT TUVDL UP UIF DFJMJOH GPS FYBNQMF�
8IFO XF PCTFSWF B TBNQMF PG 8�T BOE -�T PG MFOHUI / 	OJOF JO UIF BDUVBM TBNQMF
 XF OFFE
UP TBZ IPX MJLFMZ UIBU FYBDU TBNQMF JT PVU PG UIF VOJWFSTF PG QPUFOUJBM TBNQMFT PG UIF TBNF
MFOHUI� ćBU NJHIU TPVOE DIBMMFOHJOH CVU JU�T UIF LJOE PG UIJOH ZPV HFU HPPE BU WFSZ RVJDLMZ
PODF ZPV TUBSU QSBDUJDJOH�

*O UIJT DBTF PODF XF BEE PVS BTTVNQUJPOT UIBU 	�
 FWFSZ UPTT JT JOEFQFOEFOU PG UIF PUIFS
UPTTFT BOE 	�
 UIF QSPCBCJMJUZ PG 8 JT UIF TBNF PO FWFSZ UPTT QSPCBCJMJUZ UIFPSZ QSPWJEFT
B VOJRVF BOTXFS LOPXO BT UIF CJOPNJBM EJTUSJCVUJPO� ćJT JT UIF DPNNPO iDPJO UPTTJOHw
EJTUSJCVUJPO� "OE TP UIF QSPCBCJMJUZ PG PCTFSWJOH 8 XBUFST BOE - MBOET XJUI B QSPCBCJMJUZ Q
PG XBUFS PO FBDI UPTT JT�

1S(8, -|Q) = (8 + -)!
8!-! Q8(�− Q)-

3FBE UIF BCPWF BT�
ćF DPVOUT PG iXBUFSw 8 BOE iMBOE� - BSF EJTUSJCVUFE CJOPNJBMMZ XJUI QSPC�
BCJMJUZ Q PG iXBUFSw PO FBDI UPTT�

"OE UIF CJOPNJBM EJTUSJCVUJPO GPSNVMB JT CVJMU JOUP 3 TP ZPV DBO FBTJMZ DPNQVUF UIF MJLFMJ�
IPPE PG UIF EBUB�TJY 8�T JO OJOF UPTTFT�VOEFS BOZ WBMVF PG Q XJUI�

3 DPEF
���dbinom( 6 , size=9 , prob=0.5 )

[1] 0.1640625
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4P XIFSF EP QSJPST DPNF GSPN ćFZ BSF CPUI FOHJOFFSJOH BTTVNQUJPOT DIPTFO UP IFMQ
UIF NBDIJOF MFBSO BOE TDJFOUJĕD BTTVNQUJPOT DIPTFO UP SFĘFDU XIBU XF LOPX BCPVU B QIF�
OPNFOPO� ćF ĘBU QSJPS JO 'ĶĴłĿĲ Ɗ�ƍ JT WFSZ DPNNPO CVU JU JT IBSEMZ FWFS UIF CFTU QSJPS�
-BUFS DIBQUFST XJMM GPDVT PO QSJPS DIPJDF B MPU NPSF�

ćFSF JT B TDIPPM PG #BZFTJBO JOGFSFODF UIBU FNQIBTJ[FT DIPPTJOH QSJPST CBTFE VQPO UIF
QFSTPOBM CFMJFGT PG UIF BOBMZTU��� 8IJMF UIJT ŀłįķĲİŁĶŃĲ#ĮņĲŀĶĮĻ BQQSPBDI UISJWFT JO TPNF
TUBUJTUJDT BOE QIJMPTPQIZ BOE FDPOPNJDT QSPHSBNT JU JT SBSF JO UIF TDJFODFT� 8JUIJO #BZFTJBO
EBUB BOBMZTJT JO UIF OBUVSBM BOE TPDJBM TDJFODFT UIF QSJPS JT DPOTJEFSFE UP CF KVTU QBSU PG
UIF NPEFM� "T TVDI JU TIPVME CF DIPTFO FWBMVBUFE BOE SFWJTFE KVTU MJLF BMM PG UIF PUIFS
DPNQPOFOUT PG UIF NPEFM� *O QSBDUJDF UIF TVCKFDUJWJTU BOE UIF OPO�TVCKFDUJWJTU XJMM PęFO
BOBMZ[F EBUB JO OFBSMZ UIF TBNF XBZ�

/POF PG UIJT TIPVME CF VOEFSTUPPE UP NFBO UIBU BOZ TUBUJTUJDBM BOBMZTJT JT OPU JOIFSFOUMZ
TVCKFDUJWF CFDBVTF PG DPVSTF JU JT�MPUT PG MJUUMF TVCKFDUJWF EFDJTJPOT BSF JOWPMWFE JO BMM QBSUT
PG TDJFODF� *U�T KVTU UIBU QSJPST BOE #BZFTJBO EBUB BOBMZTJT BSF OP NPSF JOIFSFOUMZ TVCKFDUJWF
UIBO BSF MJLFMJIPPET BOE UIF SFQFBU TBNQMJOH BTTVNQUJPOT SFRVJSFE GPS TJHOJĕDBODF UFTUJOH���
"OZPOF XIP IBT WJTJUFE B TUBUJTUJDT IFMQ EFTL BU B VOJWFSTJUZ IBT QSPCBCMZ FYQFSJFODFE UIJT
TVCKFDUJWJUZ�TUBUJTUJDJBOT EP OPU JO HFOFSBM FYBDUMZ BHSFF PO IPX UP BOBMZ[F BOZUIJOH CVU UIF
TJNQMFTU PG QSPCMFNT� ćF GBDU UIBU TUBUJTUJDBM JOGFSFODF VTFTNBUIFNBUJDT EPFT OPU JNQMZ UIBU
UIFSF JT POMZ POF SFBTPOBCMF PS VTFGVM XBZ UP DPOEVDU BO BOBMZTJT� &OHJOFFSJOH VTFT NBUI BT
XFMM CVU UIFSF BSF NBOZ XBZT UP CVJME B CSJEHF�

#FZPOE BMM PG UIF BCPWF UIFSF�T OP MBX NBOEBUJOH XF VTF POMZ POF QSJPS� *G ZPV EPO�U
IBWF B TUSPOH BSHVNFOU GPS BOZ QBSUJDVMBS QSJPS UIFO USZ EJČFSFOU POFT� #FDBVTF UIF QSJPS JT
BO BTTVNQUJPO JU TIPVME CF JOUFSSPHBUFE MJLF PUIFS BTTVNQUJPOT� CZ BMUFSJOH JU BOE DIFDLJOH
IPX TFOTJUJWF JOGFSFODF JT UP UIF BTTVNQUJPO� /P POF JT SFRVJSFE UP TXFBS BO PBUI UP UIF
BTTVNQUJPOT PG B NPEFM BOE OP TFU PG BTTVNQUJPOT EFTFSWFT PVS PCFEJFODF�

0WFSUIJOLJOH� 1SJPS BT QSPCBCJMJUZ EJTUSJCVUJPO� :PV DPVME XSJUF UIF QSJPS JO UIF FYBNQMF IFSF BT�

1S(Q) = �
�− � = �.

ćFQSJPS JT B QSPCBCJMJUZ EJTUSJCVUJPO GPS UIF QBSBNFUFS� *O HFOFSBM GPS B VOJGPSNQSJPS GSPN B UP C UIF
QSPCBCJMJUZ PG BOZ QPJOU JO UIF JOUFSWBM JT �/(C− B)� *G ZPV�SF CPUIFSFE CZ UIF GBDU UIBU UIF QSPCBCJMJUZ
PG FWFSZ WBMVF PG Q JT � SFNFNCFS UIBU FWFSZ QSPCBCJMJUZ EJTUSJCVUJPO NVTU TVN 	JOUFHSBUF
 UP �� ćF
FYQSFTTJPO �/(C− B) FOTVSFT UIBU UIF BSFB VOEFS UIF ĘBU MJOF GSPN B UP C JT FRVBM UP �� ćFSF XJMM CF
NPSF UP TBZ BCPVU UIJT JO $IBQUFS ��

3FUIJOLJOH� %BUVN PS QBSBNFUFS *U JT UZQJDBM UP DPODFJWF PG EBUB BOE QBSBNFUFST BT DPNQMFUFMZ
EJČFSFOU LJOET PG FOUJUJFT� %BUB BSF NFBTVSFE BOE LOPXO� QBSBNFUFST BSF VOLOPXO BOE NVTU CF
FTUJNBUFE GSPN EBUB� 6TFGVMMZ JO UIF #BZFTJBO GSBNFXPSL UIF EJTUJODUJPO CFUXFFO B EBUVN BOE B
QBSBNFUFS JT OPU TP GVOEBNFOUBM� 4PNFUJNFT XF PCTFSWF B WBSJBCMF CVU TPNFUJNFT XF EP OPU� *O UIBU
DBTF UIF TBNF EJTUSJCVUJPO GVODUJPO BQQMJFT FWFO UIPVHI XF EJEO�U PCTFSWF UIF WBSJBCMF� "T B SFTVMU
UIF TBNF BTTVNQUJPO DBO MPPL MJLF B iMJLFMJIPPEw PS B iQSJPSw EFQFOEJOH VQPO DPOUFYU XJUIPVU BOZ
DIBOHF UP UIF NPEFM� .VDI MBUFS JO UIF CPPL 	$IBQUFS ��
 ZPV�MM TFF IPX UP FYQMPJU UIJT EFFQ JEFOUJUZ
CFUXFFO DFSUBJOUZ 	EBUB
 BOEVODFSUBJOUZ 	QBSBNFUFST
 UP JODPSQPSBUFNFBTVSFNFOU FSSPS BOENJTTJOH
EBUB JOUP ZPVS NPEFMJOH�

Posterior is (normalized) product:

���� .",*/( 5)& .0%&- (0 ��

JT UIBU JU XJMM VTF UIF SVMFT PG QSPCBCJMJUZ UIFPSZ UP DPBY PVU UIF VQEBUJOH SVMF� #VU JU JT TUJMM
KVTU DPVOUJOH�

ćF KPJOU QSPCBCJMJUZ PG UIF EBUB 8 BOE - BOE BOZ QBSUJDVMBS WBMVF PG Q JT�
1S(8, -, Q) = 1S(8, -|Q)1S(Q)

ćJT KVTU TBZT UIBU UIF QSPCBCJMJUZ PG 8, - BOE Q JT UIF QSPEVDU PG 1S(8, -|Q) BOE UIF QSJPS
QSPCBCJMJUZ 1S(Q)� ćJT JT MJLF TBZJOH UIBU UIF QSPCBCJMJUZ PG SBJO BOE DPME PO UIF TBNF EBZ JT
FRVBM UP UIF QSPCBCJMJUZ PG SBJO XIFO JU�T DPME UJNFT UIF QSPCBCJMJUZ UIBU JU�T DPME� ćJT NVDI
JT KVTU EFĕOJUJPO� #VU JU�T KVTU BT USVF UIBU�

1S(8, -, Q) = 1S(Q|8, -)1S(8, -)
"MM *�WF EPOF JT SFWFSTF XIJDI QSPCBCJMJUZ JT DPOEJUJPOBM PO UIF SJHIU�IBOE TJEF� *U JT TUJMM B
USVF EFĕOJUJPO� *U�T MJLF TBZJOH UIBU UIF QSPCBCJMJUZ PG SBJO BOE DPME PO UIF TBNF EBZ JT FRVBM
UP UIF QSPCBCJMJUZ UIBU JU�T DPME XIFO JU�T SBJOJOH UJNFT UIF QSPCBCJMJUZ PG SBJO� $PNQBSF UIJT
TUBUFNFOU UP UIF POF JO UIF QSFWJPVT QBSBHSBQI�

/PX TJODF CPUI SJHIU�IBOE TJEFT BCPWF BSF FRVBM UP UIF TBNF UIJOH 1S(8, -, Q) UIFZ BSF
BMTP FRVBM UP POF BOPUIFS�

1S(8, -|Q)1S(Q) = 1S(Q|8, -)1S(8, -)
4P XF DBO OPX TPMWF GPS UIF UIJOH UIBU XF XBOU 1S(Q|8, -)�

1S(Q|8, -) = 1S(8, -|Q)1S(Q)
1S(8, -)

"OE UIJT JT #BZFT� UIFPSFN� *U TBZT UIBU UIF QSPCBCJMJUZ PG BOZ QBSUJDVMBS WBMVF PG Q DPOTJE�
FSJOH UIF EBUB JT FRVBM UP UIF QSPEVDU PG UIF SFMBUJWF QMBVTJCJMJUZ PG UIF EBUB DPOEJUJPOBM PO
Q BOE UIF QSJPS QMBVTJCJMJUZ PG Q EJWJEFE CZ UIJT UIJOH 1S(8, -) XIJDI *�MM DBMM UIF BWFSBHF
QSPCBCJMJUZ PG UIF EBUB� *O XPSE GPSN�

1PTUFSJPS = 1SPCBCJMJUZ PG UIF EBUB× 1SJPS
"WFSBHF QSPCBCJMJUZ PG UIF EBUB

ćF BWFSBHF QSPCBCJMJUZ PG UIF EBUB 1S(8, -) DBO CF DPOGVTJOH� *U JT DPNNPOMZ DBMMFE
UIF iFWJEFODFw PS UIF iBWFSBHF MJLFMJIPPEw OFJUIFS PG XIJDI JT B USBOTQBSFOU OBNF� ćF QSPC�
BCJMJUZ 1S(8, -) JT MJUFSBMMZ UIF BWFSBHF QSPCBCJMJUZ PG UIF EBUB� "WFSBHFE PWFS XIBU "WFSBHFE
PWFS UIF QSJPS� *U�T KPC JT KVTU UP TUBOEBSEJ[F UIF QPTUFSJPS UP FOTVSF JU TVNT 	JOUFHSBUFT
 UP
POF� *O NBUIFNBUJDBM GPSN�

1S(8, -) = &
(
1S(8, -|Q)

)
=

∫
1S(8, -|Q)1S(Q)EQ

ćF PQFSBUPS & NFBOT UP UBLF BO FYQFDUBUJPO� 4VDI BWFSBHFT BSF DPNNPOMZ DBMMFE NBSHJOBMT
JO NBUIFNBUJDBM TUBUJTUJDT BOE TP ZPV NBZ BMTP TFF UIJT TBNF QSPCBCJMJUZ DBMMFE B NBSHJOBM
MJLFMJIPPE� "OE UIF JOUFHSBM BCPWF KVTU EFĕOFT UIF QSPQFS XBZ UP DPNQVUF UIF BWFSBHF PWFS B
DPOUJOVPVT EJTUSJCVUJPO PG WBMVFT MJLF UIF JOĕOJUF QPTTJCMF WBMVFT PG Q�

ćF LFZ MFTTPO JT UIBU UIF QPTUFSJPS JT QSPQPSUJPOBM UP UIF QSPEVDU PG UIF QSJPS BOE UIF
QSPCBCJMJUZ PG UIF EBUB� 8IZ #FDBVTF GPS FBDI TQFDJĕD WBMVF PG Q UIF OVNCFS PG QBUIT
UISPVHI UIF HBSEFO PG GPSLJOH EBUB JT UIF QSPEVDU PG UIF QSJPS OVNCFS PG QBUIT BOE UIF OFX
OVNCFS PG QBUIT� .VMUJQMJDBUJPO JT KVTU DPNQSFTTFE DPVOUJOH� ćF BWFSBHF QSPCBCJMJUZ PO
UIF CPUUPN KVTU TUBOEBSEJ[FT UIF DPVOUT TP UIFZ TVN UP POF� 4P XIJMF #BZFT� UIFPSFN MPPLT
DPNQMJDBUFE CFDBVTF UIF SFMBUJPOTIJQ XJUI DPVOUJOH QBUIT JT PCTDVSFE JU KVTU FYQSFTTFT UIF
DPVOUJOH UIBU MPHJD EFNBOET�

Relative plausibility of 
each possible p,  

after learning W,L

We multiply because that’s how the garden counts!



With Numbers
Ignore the mathematics for the moment and 
just draw the owl with numbers 

1. For each possible value of p 

2. Compute product Pr(W,L|p)Pr(p) 

3. Relative sizes of products in (2) are posterior 
probabilities Bayesian owl
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10 values
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Grid Approximation

ESB
ę

�� �� 4".1-*/( 5)& *."(*/"3:

DPNQVUF UIF QPTUFSJPS�

1S(USVF|QPT) = 1S(QPT|USVF)1S(USVF)
1S(QPT) =

1S(QPT|USVF)1S(USVF)
1S(QPT|USVF)1S(USVF) + 1S(QPT|GBMTF)1S(GBMTF)

1MVH JO UIF BQQSPQSJBUF WBMVFT BOE UIF BOTXFS JT BQQSPYJNBUFMZ 1S(USVF|QPT) = �.��� 4P B QPTJUJWF
ĕOEJOH DPSSFTQPOET UP B ��� DIBODF UIBU UIF IZQPUIFTJT JT USVF� ćJT JT UIF TBNF MPX CBTF�SBUF QIF�
OPNFOPO UIBU BQQMJFT JO NFEJDBM 	BOE WBNQJSF
 UFTUJOH� :PV DBO TISJOL UIF GBMTF�QPTJUJWF SBUF UP ��
BOE HFU UIJT QPTUFSJPS QSPCBCJMJUZ VQ UP ��� POMZ BT HPPE BT B DPJO ĘJQ� ćF NPTU JNQPSUBOU UIJOH UP
EP JT UP JNQSPWF UIF CBTF SBUF 1S(USVF) BOE UIBU SFRVJSFT UIJOLJOH OPU UFTUJOH���

���� 4BNQMJOH GSPN B HSJE�BQQSPYJNBUF QPTUFSJPS
#FGPSF CFHJOOJOH UP XPSL XJUI TBNQMFT XF OFFE UP HFOFSBUF UIFN� )FSF�T B SFNJOEFS

GPS IPX UP DPNQVUF UIF QPTUFSJPS GPS UIF HMPCF UPTTJOH NPEFM VTJOH HSJE BQQSPYJNBUJPO�
3FNFNCFS UIF QPTUFSJPS IFSF NFBOT UIF QSPCBCJMJUZ PG Q DPOEJUJPOBM PO UIF EBUB�

3 DPEF
��� +Ǿ"-$� ʚǶ . ,ǿ !-*(ʙǍ Ǣ /*ʙǎ Ǣ ' )"/#ǡ*0/ʙǎǍǍǍ Ȁ

+-*�Ǿ+ ʚǶ - +ǿ ǎ Ǣ ǎǍǍǍ Ȁ
+-*�Ǿ��/� ʚǶ ��$)*(ǿ Ǔ Ǣ .$5 ʙǖ Ǣ +-*�ʙ+Ǿ"-$� Ȁ
+*./ -$*- ʚǶ +-*�Ǿ��/� ȉ +-*�Ǿ+
+*./ -$*- ʚǶ +*./ -$*- ȅ .0(ǿ+*./ -$*-Ȁ

/PX XF XJTI UP ESBX ����� TBNQMFT GSPN UIJT QPTUFSJPS� *NBHJOF UIF QPTUFSJPS JT B CVDLFU
GVMM PG QBSBNFUFS WBMVFT OVNCFST TVDI BT ��� ��� ��� � FUD� 8JUIJO UIF CVDLFU FBDI WBMVF
FYJTUT JO QSPQPSUJPO UP JUT QPTUFSJPS QSPCBCJMJUZ TVDI UIBU WBMVFT OFBS UIF QFBL BSFNVDINPSF
DPNNPO UIBO UIPTF JO UIF UBJMT� 8F�SF HPJOH UP TDPPQ PVU ����� WBMVFT GSPN UIF CVDLFU�
1SPWJEFE UIF CVDLFU JT XFMM NJYFE UIF SFTVMUJOH TBNQMFT XJMM IBWF UIF TBNF QSPQPSUJPOT BT
UIF FYBDU QPTUFSJPS EFOTJUZ� ćFSFGPSF UIF JOEJWJEVBM WBMVFT PG Q XJMM BQQFBS JO PVS TBNQMFT
JO QSPQPSUJPO UP UIF QPTUFSJPS QMBVTJCJMJUZ PG FBDI WBMVF�

)FSF�T IPX ZPV DBO EP UIJT JO 3 XJUI POF MJOF PG DPEF�
3 DPEF

��� .�(+' . ʚǶ .�(+' ǿ +Ǿ"-$� Ǣ +-*�ʙ+*./ -$*- Ǣ .$5 ʙǎ Ǒ Ǣ - +'�� ʙ���� Ȁ

ćF XPSLIPSTF IFSF JT .�(+'  XIJDI SBOEPNMZ QVMMT WBMVFT GSPN B WFDUPS� ćF WFDUPS JO
UIJT DBTF JT +Ǿ"-$� UIF HSJE PG QBSBNFUFS WBMVFT� ćF QSPCBCJMJUZ PG FBDI WBMVF JT HJWFO CZ
+*./ -$*- XIJDI ZPV DPNQVUFE KVTU BCPWF�

ćF SFTVMUJOH TBNQMFT BSF EJTQMBZFE JO 'ĶĴłĿĲ Ƌ�Ɖ� 0O UIF MFę BMM ����� 	ǎ Ǒ
 SBOEPN
TBNQMFT BSF TIPXO TFRVFOUJBMMZ�

3 DPEF
��� +'*/ǿ .�(+' . Ȁ

*O UIJT QMPU JU�T BT JG ZPV BSF ĘZJOH PWFS UIF QPTUFSJPS EJTUSJCVUJPO MPPLJOH EPXO PO JU� ćFSF
BSF NBOZ NPSF TBNQMFT GSPN UIF EFOTF SFHJPO OFBS ��� BOE WFSZ GFX TBNQMFT CFMPX ����� 0O
UIF SJHIU UIF QMPU TIPXT UIF EFOTJUZ FTUJNBUF DPNQVUFE GSPN UIFTF TBNQMFT�

3 DPEF
��� '$�-�-4ǿ- /#$)&$)"Ȁ

� ).ǿ .�(+' . Ȁ

Let’s draw the owl
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p_grid !<- seq( from=0 , to=1 , len=1000 ) 
prob_p !<- rep( 1 , 1000 ) 
prob_data !<- dbinom( 6 , 9 , prob=p_grid ) 
posterior !<- prob_data * prob_p 
posterior !<- posterior / sum(posterior)
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p_grid !<- seq( from=0 , to=1 , len=1000 ) 
prob_p !<- dbeta( p_grid , 3 , 1 ) 
prob_data !<- dbinom( 6 , 9 , prob=p_grid ) 
posterior !<- prob_data * prob_p 
posterior !<- posterior / sum(posterior)



Many Ways to Count

Grid Approximation inefficient 

Other methods: 

Quadratic approximation 

Markov chain Monte Carlo (MCMC)



From Posterior to Prediction

Implications of model depend upon entire posterior 

Must average any inference over entire posterior 

This usually requires integral calculus 

OR we can just take samples from the posterior



Uncertainty Causal model Implications⇨ ⇨



Uncertainty Causal model Implications⇨ ⇨



Sample from posterior
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'ĶĴłĿĲ Ƌ�Ɖ� 4BNQMJOH QBSBNFUFS WBMVFT GSPN UIF QPTUFSJPS EJTUSJCVUJPO�
-Fę� ����� TBNQMFT GSPN UIF QPTUFSJPS JNQMJFE CZ UIF HMPCF UPTTJOH EBUB
BOE NPEFM� 3JHIU� ćF EFOTJUZ PG TBNQMFT 	WFSUJDBM
 BU FBDI QBSBNFUFS WBMVF
	IPSJ[POUBM
�

���� 4BNQMJOH GSPN B HSJE�BQQSPYJNBUF QPTUFSJPS
#FGPSF CFHJOOJOH UP XPSL XJUI TBNQMFT XF OFFE UP HFOFSBUF UIFN� )FSF�T B SFNJOEFS

GPS IPX UP DPNQVUF UIF QPTUFSJPS GPS UIF HMPCF UPTTJOH NPEFM VTJOH HSJE BQQSPYJNBUJPO�
3FNFNCFS UIF QPTUFSJPS IFSF NFBOT UIF QSPCBCJMJUZ PG Q DPOEJUJPOBM PO UIF EBUB�

3 DPEF
��� p_grid <- seq( from=0 , to=1 , length.out=1000 )

prob_p <- rep( 1 , 1000 )
prob_data <- dbinom( 6 , size=9 , prob=p_grid )
posterior <- prob_data * prob_p
posterior <- posterior / sum(posterior)

/PX XF XJTI UP ESBX ����� TBNQMFT GSPN UIJT QPTUFSJPS� *NBHJOF UIF QPTUFSJPS JT B CVDLFU
GVMM PG QBSBNFUFS WBMVFT OVNCFST TVDI BT ��� ��� ��� � FUD� 8JUIJO UIF CVDLFU FBDI WBMVF
FYJTUT JO QSPQPSUJPO UP JUT QPTUFSJPS QSPCBCJMJUZ TVDI UIBU WBMVFT OFBS UIF QFBL BSFNVDINPSF
DPNNPO UIBO UIPTF JO UIF UBJMT� 8F�SF HPJOH UP TDPPQ PVU ����� WBMVFT GSPN UIF CVDLFU�
1SPWJEFE UIF CVDLFU JT XFMM NJYFE UIF SFTVMUJOH TBNQMFT XJMM IBWF UIF TBNF QSPQPSUJPOT BT
UIF FYBDU QPTUFSJPS EFOTJUZ� ćFSFGPSF UIF JOEJWJEVBM WBMVFT PG Q XJMM BQQFBS JO PVS TBNQMFT
JO QSPQPSUJPO UP UIF QPTUFSJPS QMBVTJCJMJUZ PG FBDI WBMVF�

)FSF�T IPX ZPV DBO EP UIJT JO 3 XJUI POF MJOF PG DPEF�

3 DPEF
��� samples <- sample( p_grid , prob=posterior , size=1e4 , replace=TRUE )

ćF XPSLIPSTF IFSF JT sample XIJDI SBOEPNMZ QVMMT WBMVFT GSPN B WFDUPS� ćF WFDUPS JO
UIJT DBTF JT p_grid UIF HSJE PG QBSBNFUFS WBMVFT� ćF QSPCBCJMJUZ PG FBDI WBMVF JT HJWFO CZ
posterior XIJDI ZPV DPNQVUFE KVTU BCPWF�

�� �� 4".1-*/( 5)& *."(*/"3:
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'ĶĴłĿĲ Ƌ�Ɖ� 4BNQMJOH QBSBNFUFS WBMVFT GSPN UIF QPTUFSJPS EJTUSJCVUJPO�
-Fę� ����� TBNQMFT GSPN UIF QPTUFSJPS JNQMJFE CZ UIF HMPCF UPTTJOH EBUB
BOE NPEFM� 3JHIU� ćF EFOTJUZ PG TBNQMFT 	WFSUJDBM
 BU FBDI QBSBNFUFS WBMVF
	IPSJ[POUBM
�

���� 4BNQMJOH GSPN B HSJE�BQQSPYJNBUF QPTUFSJPS
#FGPSF CFHJOOJOH UP XPSL XJUI TBNQMFT XF OFFE UP HFOFSBUF UIFN� )FSF�T B SFNJOEFS

GPS IPX UP DPNQVUF UIF QPTUFSJPS GPS UIF HMPCF UPTTJOH NPEFM VTJOH HSJE BQQSPYJNBUJPO�
3FNFNCFS UIF QPTUFSJPS IFSF NFBOT UIF QSPCBCJMJUZ PG Q DPOEJUJPOBM PO UIF EBUB�

3 DPEF
��� p_grid <- seq( from=0 , to=1 , length.out=1000 )

prob_p <- rep( 1 , 1000 )
prob_data <- dbinom( 6 , size=9 , prob=p_grid )
posterior <- prob_data * prob_p
posterior <- posterior / sum(posterior)

/PX XF XJTI UP ESBX ����� TBNQMFT GSPN UIJT QPTUFSJPS� *NBHJOF UIF QPTUFSJPS JT B CVDLFU
GVMM PG QBSBNFUFS WBMVFT OVNCFST TVDI BT ��� ��� ��� � FUD� 8JUIJO UIF CVDLFU FBDI WBMVF
FYJTUT JO QSPQPSUJPO UP JUT QPTUFSJPS QSPCBCJMJUZ TVDI UIBU WBMVFT OFBS UIF QFBL BSFNVDINPSF
DPNNPO UIBO UIPTF JO UIF UBJMT� 8F�SF HPJOH UP TDPPQ PVU ����� WBMVFT GSPN UIF CVDLFU�
1SPWJEFE UIF CVDLFU JT XFMM NJYFE UIF SFTVMUJOH TBNQMFT XJMM IBWF UIF TBNF QSPQPSUJPOT BT
UIF FYBDU QPTUFSJPS EFOTJUZ� ćFSFGPSF UIF JOEJWJEVBM WBMVFT PG Q XJMM BQQFBS JO PVS TBNQMFT
JO QSPQPSUJPO UP UIF QPTUFSJPS QMBVTJCJMJUZ PG FBDI WBMVF�

)FSF�T IPX ZPV DBO EP UIJT JO 3 XJUI POF MJOF PG DPEF�

3 DPEF
��� samples <- sample( p_grid , prob=posterior , size=1e4 , replace=TRUE )

ćF XPSLIPSTF IFSF JT sample XIJDI SBOEPNMZ QVMMT WBMVFT GSPN B WFDUPS� ćF WFDUPS JO
UIJT DBTF JT p_grid UIF HSJE PG QBSBNFUFS WBMVFT� ćF QSPCBCJMJUZ PG FBDI WBMVF JT HJWFO CZ
posterior XIJDI ZPV DPNQVUFE KVTU BCPWF�



Sample from posterior

Figure 3.1
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'ĶĴłĿĲ Ƌ�Ɖ� 4BNQMJOH QBSBNFUFS WBMVFT GSPN UIF QPTUFSJPS EJTUSJCVUJPO�
-Fę� ���UIPVTBOE TBNQMFT GSPN UIF QPTUFSJPS JNQMJFE CZ UIF HMPCF UPTTJOH
EBUB BOE NPEFM� 3JHIU� ćF EFOTJUZ PG TBNQMFT 	WFSUJDBM
 BU FBDI QBSBNFUFS
WBMVF 	IPSJ[POUBM
�

���� 4BNQMJOH UP TVNNBSJ[F
0ODF ZPVS NPEFM QSPEVDFT B QPTUFSJPS EJTUSJCVUJPO UIF NPEFM�T XPSL JT EPOF� #VU ZPVS

XPSL IBT KVTU CFHVO� *U JT OFDFTTBSZ UP TVNNBSJ[F UIF QPTUFSJPS EJTUSJCVUJPO� &YBDUMZ IPX JU
JT TVNNBSJ[FE EFQFOET VQPO ZPVS QVSQPTF� #VU DPNNPO RVFTUJPOT JODMVEF�

• )PX NVDI QPTUFSJPS QSPCBCJMJUZ MJFT CFMPX TPNF QBSBNFUFS WBMVF 
• )PX NVDI QPTUFSJPS QSPCBCJMJUZ MJFT CFUXFFO UXP QBSBNFUFS WBMVFT 
• 8IJDI QBSBNFUFS WBMVF NBSLT UIF MPXFS �� PG UIF QPTUFSJPS QSPCBCJMJUZ 
• 8IJDI SBOHF PG QBSBNFUFS WBMVFT DPOUBJOT ��� PG UIF QPTUFSJPS QSPCBCJMJUZ 
• 8IJDI QBSBNFUFS WBMVF IBT IJHIFTU QPTUFSJPS QSPCBCJMJUZ 

ćFTF TJNQMF RVFTUJPOT DBO CF VTFGVMMZ EJWJEFE UP JOUP RVFTUJPOT BCPVU 	�
 JOUFSWBMT PG EFĕOFE
CPVOEBSJFT 	�
 RVFTUJPOT BCPVU JOUFSWBMT PG EFĕOFE QSPCBCJMJUZ NBTT BOE 	�
 RVFTUJPOT BCPVU
QPJOU FTUJNBUFT� 8F�MM TFF IPX UP BQQSPBDI UIFTF RVFTUJPOT VTJOH TBNQMFT GSPN UIF QPTUFSJPS�

������ *OUFSWBMT PG EFĕOFE CPVOEBSJFT� 4VQQPTF * BTL ZPV GPS UIF QPTUFSJPS QSPCBCJMJUZ UIBU
UIF QSPQPSUJPO PG XBUFS JT MFTT UIBO ���� 6TJOH UIF HSJE�BQQSPYJNBUF QPTUFSJPS ZPV DBO KVTU
BEE VQ BMM PG UIF QSPCBCJMJUJFT XIFSF UIF DPSSFTQPOEJOH QBSBNFUFS WBMVF JT MFTT UIBO ����

3 DPEF
���ȃ ��� 0+ +*./ -$*- +-*���$'$/4 2# - + ʄ ƻǏǀ

.0(ǭ +*./ -$*-ǯ +Ǭ"-$� ʄ ƻǏǀ ǰ Ǯ

ǯƼǰ ƻǏƼǂƼǃǂƿǁ

4P BCPVU ��� PG UIF QPTUFSJPS QSPCBCJMJUZ JT CFMPX ���� $PVMEO�U CF FBTJFS� #VU TJODF HSJE BQ�
QSPYJNBUJPO JTO�U QSBDUJDBM JO HFOFSBM JU XPO�U BMXBZT CF TP FBTZ� 0ODF UIFSF JT NPSF UIBO POF
QBSBNFUFS JO UIF QPTUFSJPS EJTUSJCVUJPO 	XBJU VOUJM UIF OFYU DIBQUFS GPS UIBU DPNQMJDBUJPO

FWFO UIJT TJNQMF TVN JT OP MPOHFS WFSZ TJNQMF�

4P MFU�T TFF IPX UP QFSGPSN UIF TBNF DBMDVMBUJPO VTJOH TBNQMFT GSPN UIF QPTUFSJPS� ćJT
BQQSPBDI EPFT HFOFSBMJ[F UP DPNQMFY NPEFMT XJUI NBOZ QBSBNFUFST BOE TP ZPV DBO VTF
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'ĶĴłĿĲ Ƌ�Ɖ� 4BNQMJOH QBSBNFUFS WBMVFT GSPN UIF QPTUFSJPS EJTUSJCVUJPO�
-Fę� ����� TBNQMFT GSPN UIF QPTUFSJPS JNQMJFE CZ UIF HMPCF UPTTJOH EBUB
BOE NPEFM� 3JHIU� ćF EFOTJUZ PG TBNQMFT 	WFSUJDBM
 BU FBDI QBSBNFUFS WBMVF
	IPSJ[POUBM
�

���� 4BNQMJOH GSPN B HSJE�BQQSPYJNBUF QPTUFSJPS
#FGPSF CFHJOOJOH UP XPSL XJUI TBNQMFT XF OFFE UP HFOFSBUF UIFN� )FSF�T B SFNJOEFS

GPS IPX UP DPNQVUF UIF QPTUFSJPS GPS UIF HMPCF UPTTJOH NPEFM VTJOH HSJE BQQSPYJNBUJPO�
3FNFNCFS UIF QPTUFSJPS IFSF NFBOT UIF QSPCBCJMJUZ PG Q DPOEJUJPOBM PO UIF EBUB�

3 DPEF
��� p_grid <- seq( from=0 , to=1 , length.out=1000 )

prob_p <- rep( 1 , 1000 )
prob_data <- dbinom( 6 , size=9 , prob=p_grid )
posterior <- prob_data * prob_p
posterior <- posterior / sum(posterior)

/PX XF XJTI UP ESBX ����� TBNQMFT GSPN UIJT QPTUFSJPS� *NBHJOF UIF QPTUFSJPS JT B CVDLFU
GVMM PG QBSBNFUFS WBMVFT OVNCFST TVDI BT ��� ��� ��� � FUD� 8JUIJO UIF CVDLFU FBDI WBMVF
FYJTUT JO QSPQPSUJPO UP JUT QPTUFSJPS QSPCBCJMJUZ TVDI UIBU WBMVFT OFBS UIF QFBL BSFNVDINPSF
DPNNPO UIBO UIPTF JO UIF UBJMT� 8F�SF HPJOH UP TDPPQ PVU ����� WBMVFT GSPN UIF CVDLFU�
1SPWJEFE UIF CVDLFU JT XFMM NJYFE UIF SFTVMUJOH TBNQMFT XJMM IBWF UIF TBNF QSPQPSUJPOT BT
UIF FYBDU QPTUFSJPS EFOTJUZ� ćFSFGPSF UIF JOEJWJEVBM WBMVFT PG Q XJMM BQQFBS JO PVS TBNQMFT
JO QSPQPSUJPO UP UIF QPTUFSJPS QMBVTJCJMJUZ PG FBDI WBMVF�

)FSF�T IPX ZPV DBO EP UIJT JO 3 XJUI POF MJOF PG DPEF�

3 DPEF
��� samples <- sample( p_grid , prob=posterior , size=1e4 , replace=TRUE )

ćF XPSLIPSTF IFSF JT sample XIJDI SBOEPNMZ QVMMT WBMVFT GSPN B WFDUPS� ćF WFDUPS JO
UIJT DBTF JT p_grid UIF HSJE PG QBSBNFUFS WBMVFT� ćF QSPCBCJMJUZ PG FBDI WBMVF JT HJWFO CZ
posterior XIJDI ZPV DPNQVUFE KVTU BCPWF�



Sample predictions
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'ĶĴłĿĲ Ƌ�Ɖ� 4BNQMJOH QBSBNFUFS WBMVFT GSPN UIF QPTUFSJPS EJTUSJCVUJPO�
-Fę� ����� TBNQMFT GSPN UIF QPTUFSJPS JNQMJFE CZ UIF HMPCF UPTTJOH EBUB
BOE NPEFM� 3JHIU� ćF EFOTJUZ PG TBNQMFT 	WFSUJDBM
 BU FBDI QBSBNFUFS WBMVF
	IPSJ[POUBM
�

���� 4BNQMJOH GSPN B HSJE�BQQSPYJNBUF QPTUFSJPS
#FGPSF CFHJOOJOH UP XPSL XJUI TBNQMFT XF OFFE UP HFOFSBUF UIFN� )FSF�T B SFNJOEFS

GPS IPX UP DPNQVUF UIF QPTUFSJPS GPS UIF HMPCF UPTTJOH NPEFM VTJOH HSJE BQQSPYJNBUJPO�
3FNFNCFS UIF QPTUFSJPS IFSF NFBOT UIF QSPCBCJMJUZ PG Q DPOEJUJPOBM PO UIF EBUB�

3 DPEF
��� p_grid <- seq( from=0 , to=1 , length.out=1000 )

prob_p <- rep( 1 , 1000 )
prob_data <- dbinom( 6 , size=9 , prob=p_grid )
posterior <- prob_data * prob_p
posterior <- posterior / sum(posterior)

/PX XF XJTI UP ESBX ����� TBNQMFT GSPN UIJT QPTUFSJPS� *NBHJOF UIF QPTUFSJPS JT B CVDLFU
GVMM PG QBSBNFUFS WBMVFT OVNCFST TVDI BT ��� ��� ��� � FUD� 8JUIJO UIF CVDLFU FBDI WBMVF
FYJTUT JO QSPQPSUJPO UP JUT QPTUFSJPS QSPCBCJMJUZ TVDI UIBU WBMVFT OFBS UIF QFBL BSFNVDINPSF
DPNNPO UIBO UIPTF JO UIF UBJMT� 8F�SF HPJOH UP TDPPQ PVU ����� WBMVFT GSPN UIF CVDLFU�
1SPWJEFE UIF CVDLFU JT XFMM NJYFE UIF SFTVMUJOH TBNQMFT XJMM IBWF UIF TBNF QSPQPSUJPOT BT
UIF FYBDU QPTUFSJPS EFOTJUZ� ćFSFGPSF UIF JOEJWJEVBM WBMVFT PG Q XJMM BQQFBS JO PVS TBNQMFT
JO QSPQPSUJPO UP UIF QPTUFSJPS QMBVTJCJMJUZ PG FBDI WBMVF�

)FSF�T IPX ZPV DBO EP UIJT JO 3 XJUI POF MJOF PG DPEF�

3 DPEF
��� samples <- sample( p_grid , prob=posterior , size=1e4 , replace=TRUE )

ćF XPSLIPSTF IFSF JT sample XIJDI SBOEPNMZ QVMMT WBMVFT GSPN B WFDUPS� ćF WFDUPS JO
UIJT DBTF JT p_grid UIF HSJE PG QBSBNFUFS WBMVFT� ćF QSPCBCJMJUZ PG FBDI WBMVF JT HJWFO CZ
posterior XIJDI ZPV DPNQVUFE KVTU BCPWF�

�� �� 4".1-*/( 5)& *."(*/"3:

ćF SFTVMUJOH EJTUSJCVUJPO JT GPS QSFEJDUJPOT CVU JU JODPSQPSBUFT BMM PG UIF VODFSUBJOUZ
FNCPEJFE JO UIF QPTUFSJPS EJTUSJCVUJPO GPS UIF QBSBNFUFS Q� "T B SFTVMU JU JT IPOFTU� 8IJMF
UIF NPEFM EPFT B HPPE KPC PG QSFEJDUJOH UIF EBUB�UIF NPTU MJLFMZ PCTFSWBUJPO JT JOEFFE
UIF PCTFSWFE EBUB�QSFEJDUJPOT BSF TUJMM RVJUF TQSFBE PVU� *G JOTUFBE ZPV XFSF UP VTF POMZ B
TJOHMF QBSBNFUFS WBMVF UP DPNQVUF JNQMJFE QSFEJDUJPOT TBZ UIF NPTU QSPCBCMF WBMVF BU UIF
QFBL PG QPTUFSJPS EJTUSJCVUJPO ZPV�E QSPEVDF BO PWFSDPOĕEFOU EJTUSJCVUJPO PG QSFEJDUJPOT
OBSSPXFS UIBO UIF QPTUFSJPS QSFEJDUJWF EJTUSJCVUJPO JO 'ĶĴłĿĲ Ƌ�Ǝ BOENPSF MJLF UIF TBNQMJOH
EJTUSJCVUJPO TIPXO GPS Q = �.� JO UIF NJEEMF SPX� ćF VTVBM FČFDU PG UIJT PWFSDPOĕEFODF
XJMM CF UP MFBE ZPV UP CFMJFWF UIBU UIFNPEFM JT NPSF DPOTJTUFOU XJUI UIF EBUB UIBO JU SFBMMZ JT�
UIF QSFEJDUJPOT XJMM DMVTUFS BSPVOE UIF PCTFSWBUJPOT NPSF UJHIUMZ� ćJT JMMVTJPO BSJTFT GSPN
UPTTJOH BXBZ VODFSUBJOUZ BCPVU UIF QBSBNFUFST�

4P IPX EP ZPV BDUVBMMZ EP UIF DBMDVMBUJPOT 5P TJNVMBUF QSFEJDUFE PCTFSWBUJPOT GPS B
TJOHMF WBMVF PG Q TBZ Q = �.� ZPV DBO VTF rbinom UP HFOFSBUF SBOEPN CJOPNJBM TBNQMFT�

3 DPEF
���� w <- rbinom( 1e4 , size=9 , prob=0.6 )

ćJT HFOFSBUFT ����� 	1e4
 TJNVMBUFE QSFEJDUJPOT PG � HMPCF UPTTFT 	size=9
 BTTVNJOH Q =
�.�� ćF QSFEJDUJPOT BSF TUPSFE BT DPVOUT PG XBUFS TP UIF UIFPSFUJDBM NJOJNVN JT [FSP BOE UIF
UIFPSFUJDBM NBYJNVN JT OJOF� :PV DBO VTF simplehist(w) 	JO UIF rethinking QBDLBHF
 UP
HFU B DMFBO IJTUPHSBN PG ZPVS TJNVMBUFE PVUDPNFT�

"MM ZPV OFFE UP QSPQBHBUF QBSBNFUFS VODFSUBJOUZ JOUP UIFTF QSFEJDUJPOT JT SFQMBDF UIF
WBMVF 0.6 XJUI TBNQMFT GSPN UIF QPTUFSJPS�

3 DPEF
���� w <- rbinom( 1e4 , size=9 , prob=samples )

ćF TZNCPM samples BCPWF JT UIF TBNF MJTU PG SBOEPN TBNQMFT GSPN UIF QPTUFSJPS EJTUSJCV�
UJPO UIBU ZPV�WF VTFE JO QSFWJPVT TFDUJPOT� 'PS FBDI TBNQMFE WBMVF B SBOEPN CJOPNJBM PCTFS�
WBUJPO JT HFOFSBUFE� 4JODF UIF TBNQMFE WBMVFT BQQFBS JO QSPQPSUJPO UP UIFJS QPTUFSJPS QSPCB�
CJMJUJFT UIF SFTVMUJOH TJNVMBUFE PCTFSWBUJPOT BSF BWFSBHFE PWFS UIF QPTUFSJPS� :PV DBO NBOJQ�
VMBUF UIFTF TJNVMBUFE PCTFSWBUJPOT KVTU MJLF ZPVNBOJQVMBUF TBNQMFT GSPN UIF QPTUFSJPS�ZPV
DBO DPNQVUF JOUFSWBMT BOE QPJOU TUBUJTUJDT VTJOH UIF TBNF QSPDFEVSFT� *G ZPV QMPU UIFTF TBN�
QMFT ZPV�MM TFF UIF EJTUSJCVUJPO TIPXO JO UIF SJHIU�IBOE QMPU JO 'ĶĴłĿĲ Ƌ�Ǝ�

ćF TJNVMBUFE NPEFM QSFEJDUJPOT BSF RVJUF DPOTJTUFOU XJUI UIF PCTFSWFE EBUB JO UIJT
DBTF�UIF BDUVBM DPVOU PG � MJFT SJHIU JO UIF NJEEMF PG UIF TJNVMBUFE EJTUSJCVUJPO� ćFSF JT
RVJUF B MPU PG TQSFBE UP UIF QSFEJDUJPOT CVU B MPU PG UIJT TQSFBE BSJTFT GSPN UIF CJOPNJBM QSP�
DFTT JUTFMG OPU VODFSUBJOUZ BCPVU Q� 4UJMM JU�E CF QSFNBUVSF UP DPODMVEF UIBU UIF NPEFM JT
QFSGFDU� 4P GBS XF�WF POMZ WJFXFE UIF EBUB KVTU BT UIF NPEFM WJFXT JU� &BDI UPTT PG UIF HMPCF
JT DPNQMFUFMZ JOEFQFOEFOU PG UIF PUIFST� ćJT BTTVNQUJPO JT RVFTUJPOBCMF� 6OMFTT UIF QFSTPO
UPTTJOH UIF HMPCF JT DBSFGVM JU JT FBTZ UP JOEVDF DPSSFMBUJPOT BOE UIFSFGPSF QBUUFSOT BNPOH
UIF TFRVFOUJBM UPTTFT� $POTJEFS GPS FYBNQMF UIBU BCPVU IBMG PG UIF HMPCF 	BOE QMBOFU
 JT DPW�
FSFE CZ UIF 1BDJĕD 0DFBO� "T B SFTVMU XBUFS BOE MBOE BSF OPU VOJGPSNMZ EJTUSJCVUFE PO UIF
HMPCF BOE UIFSFGPSF VOMFTT UIF HMPCF TQJOT BOE SPUBUFT FOPVHI XIJMF JO UIF BJS UIF QPTJUJPO
XIFO UPTTFE DPVME FBTJMZ JOĘVFODF UIF TBNQMF PODF JU MBOET� ćF TBNF QSPCMFN BSJTFT JO DPJO
UPTTFT BOE JOEFFE TLJMMFE JOEJWJEVBMT DBO JOĘVFODF UIF PVUDPNF PG B DPJO UPTT CZ FYQMPJUJOH
UIF QIZTJDT PG JU���

4P XJUI UIF HPBM PG TFFLJOH PVU BTQFDUT PG QSFEJDUJPO JO XIJDI UIF NPEFM GBJMT MFU�T MPPL
BU UIF EBUB JO UXP EJČFSFOU XBZT� 3FDBMM UIBU UIF TFRVFODF PG OJOF UPTTFT XBT 8 - 8 8 8 -



Sampling is Fun & Easy
Sample from posterior, compute desired 
quantity for each sample, profit 

Much easier than doing integrals 

Turn a calculus problem into  
a data summary problem 

MCMC produces only samples anyway



Sampling is Handsome & Handy
Things we’ll compute with sampling: 

Model-based forecasts 

Causal effects 

Counterfactuals 

Prior predictions ???



Prior Prior



Bayesian data analysis

For each possible explanation of the data, 

Count all the ways data can happen. 

Explanations with more ways to produce 
the data are more plausible.



Bayesian modesty
No guarantees except logical 

Probability theory is a method of 
logically deducing implications 
of data under assumptions that 
you must choose 

Any framework selling you more 
is hiding assumptions



Course Schedule
Week 1 Bayesian inference Chapters 1, 2, 3
Week 2 Linear models & Causal Inference Chapter 4
Week 3 Causes, Confounds & Colliders Chapters 5 & 6
Week 4 Overfitting / Interactions Chapters 7 & 8
Week 5 MCMC & Generalized Linear Models Chapters 9, 10, 11
Week 6 Integers & Other Monsters Chapters 11 & 12
Week 7 Multilevel models I Chapter 13
Week 8 Multilevel models II Chapter 14
Week 9 Measurement & Missingness Chapter 15
Week 10 Generalized Linear Madness Chapter 16

https://github.com/rmcelreath/statrethinking_2022




